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SEMICLASSICAL ANALYSIS AND SYMMETRY REDUCTION II.
EQUIVARIANT QUANTUM ERGODICITY FOR INVARIANT SCHRO¨DINGER
OPERATORS ON COMPACT MANIFOLDS
BENJAMIN KU¨STER AND PABLO RAMACHER
Abstract. We study the ergodic properties of Schro¨dinger operators on a compact connected Rie-
mannian manifold M without boundary in case that the underlying Hamiltonian system possesses
certain symmetries. More precisely, let M carry an isometric and effective action of a compact con-
nected Lie group G. Relying on an equivariant semiclassical Weyl law proved in Part I of this work, we
deduce an equivariant quantum ergodicity theorem under the assumption that the symmetry-reduced
Hamiltonian flow on the principal stratum of the singular symplectic reduction of M is ergodic. In
particular, we obtain an equivariant version of the Shnirelman-Zelditch-Colin-de-Verdie`re theorem,
as well as a representation theoretic equidistribution theorem. If M/G is an orbifold, similar results
were recently obtained by Kordyukov. When G is trivial, one recovers the classical results.
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1. Introduction
1.1. Motivation. Let M be a compact boundary-less connected Riemannian C∞-manifold of dimen-
sion n with Riemannian volume density dM , and denote by ∆ the Laplace-Beltrami operator on M .
One of the central problems in spectral geometry consists in studying the properties of eigenvalues
and eigenfunctions of −∆ in the limit of large eigenvalues. Concretely, let {uj} be an orthonormal
basis of L2(M) of eigenfunctions of −∆ with respective eigenvalues {Ej}, repeated according to their
multiplicity. As Ej →∞, one is interested among other things in the asymptotic distribution of eigen-
values, the pointwise convergence of the uj , bounds of the L
p-norms of the uj for 1 ≤ p ≤ ∞, and the
weak convergence of the measures |uj |2dM . These questions have been studied extensively over the
years, and this paper is the second in a sequel which addresses them for Schro¨dinger operators in case
that the underlying classical system possesses certain symmetries.
In this second part, we shall concentrate on the ergodic properties of eigenfunctions, while Part I [24]
of this work dealt with the distribution of eigenvalues. The guiding idea behind is the correspondence
principle of semiclassical physics. To explain this in more detail, consider the unit co-sphere bundle
S∗M , which corresponds to the phase space of a classical free particle moving with constant energy.
Each point in S∗M represents a state of the classical system, its motion being given by the geodesic
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flow in S∗M , and classical observables correspond to functions a ∈ C∞(S∗M). On the other hand,
by the Kopenhagen interpretation of quantum mechanics, quantum observables correspond to self-
adjoint operators A in the Hilbert space L2(M). The elements ψ ∈ L2(M) are interpreted as states
of the quantum mechanical system, and the expectation value for measuring the property A while
the system is in the state ψ is given by 〈Aψ,ψ〉L2(M). The transition between the classical and the
quantum-mechanical picture is given by a quantization map
Sk(M) 3 a 7−→ Op~(a), k ∈ R,
where Op~(a) is a pseudodifferential operator in L
2(M) depending on Planck’s constant ~ and the par-
ticular choice of the map Op~, and S
k(M) ⊂ C∞(T ∗M) denotes a suitable space of symbol functions.
The correspondence principle then says that, in the limit of high energies, the quantum mechanical
system should behave more and more like the corresponding classical system.
The study of the asymptotic distribution of eigenvalues has a history of more than a hundred years
that goes back to work of Weyl [41], Levitan [25], Avacumovicˇ [2], and Ho¨rmander [18], the central
result being Weyl’s law, while the behavior of eigenfunctions has been examined more intensively
during the last decades. One of the major results in this direction is the quantum ergodicity theorem
for chaotic systems, due to Shnirelman [35], Zelditch [43], and Colin de Verdie`re [10]. To explain it,
consider the distributions1
µj : C
∞(S∗M) −→ C, a 7−→ 〈Op~(a)uj , uj〉L2(M) .
If it exists, the distribution limit µ = limj→∞ µj constitutes a so-called quantum limit for the eigen-
function sequence {uj}. Furthermore, the probability measure on S∗M defined by a quantum limit is
invariant under the geodesic flow and independent of the choice of Op~. Since the measure µ projects
to a weak limit µ¯ of the measures µ¯j = |uj |2dM , it is called a microlocal lift of µ¯, and one can reduce
the study of the measures µ¯ to the classification of quantum limits. The quantum ergodicity theorem
then says that if the geodesic flow on S∗M is ergodic with respect to the Liouville measure d(S∗M),
then there exists a subsequence {ujk}k∈N of density 1 such that the µjk converge to d(S∗M) as dis-
tributions, and consequently the measures µ¯jk converge weakly to dM . Intuitively, the geodesic flow
being ergodic means that the geodesics are distributed on S∗M in a sufficiently chaotic way, and this
equidistribution of trajectories in the classical system implies asymptotic equidistribution for a density
1 subsequence of states of the corresponding quantum system.
A large class of manifolds whose geodesic flow is ergodic are compact boundary-less manifolds with
strictly negative sectional curvature [17, 5], and one of the main conjectures in the field is the Rudnick-
Sarnak conjecture on quantum unique ergodicity (QUE) [32] which says that if M has strictly negative
sectional curvature, the whole sequence |uj |2dM converges weakly to the normalized Riemannian mea-
sure (volM)−1dM as j → ∞. It has been verified in certain arithmetic situations by Lindenstrauss
[26], but in general, the conjecture is still very open. Sequences of eigenfunctions with a quantum limit
different from the Liouville measure are called exceptional subsequences, and it has been shown by
Jacobson and Zelditch [19] that any flow-invariant measure on the unit co-sphere bundle of a standard
n-sphere occurs as a quantum limit for the Laplacian, showing that the family of exceptional subse-
quences for the Laplacian can be quite large if the geodesic flow fails to be ergodic. However, it was
shown by Faure, Nonnenmacher, and de Bie`vre [13] that ergodicity of the geodesic flow alone is not
sufficient to rule out the existence of exceptional subsequences for particular elliptic operators. Exam-
ples of ergodic billiard systems that admit exceptional subsequences of eigenfunctions were recently
found by Hassel [15].
1.2. Problem and setup. In this article, we will address the problem of determining quantum limits
for sequences of eigenfunctions of Schro¨dinger operators in case that the underlying classical system
1Here one regards s ∈ C∞(S∗M) as an element in S0(M) ⊂ C∞(T ∗M) by extending it 0-homogeneously to T ∗M
with the zero-section removed, and then cutting off that extension smoothly near the zero section.
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possesses certain symmetries. Due to the presence of conserved quantitites, the corresponding Hamil-
tonian flow will in parts be integrable, and not totally chaotic, in contrast to the hitherto examined
chaotic systems.
The question is then how the partially chaotic behavior of the Hamiltonian flow is reflected in the
ergodic properties of the eigenfunctions.
To explain things more precisely, let us recall the setting from Part I. Thus, let G be a compact
connected Lie group that acts effectively and isometrically on M . Note that there might be orbits
of different dimensions, and that the orbit space M˜ := M/G won’t be a manifold in general, but a
topological quotient space. If G acts on M with finite isotropy groups, M˜ is a compact orbifold, and
its singularities are not too severe. Consider now a Schro¨dinger operator on M given by
P˘ (h) = −h2∆˘ + V, P˘ (h) : C∞(M)→ C∞(M), h ∈ (0, 1],
where ∆˘ denotes the Laplace operator as differential operator on M with domain C∞(M) and V ∈
C∞(M,R) a G-invariant potential. P˘ (h) has a unique self-adjoint extension
(1.1) P (h) : H2(M)→ L2(M)
as an unbounded operator in L2(M), where H2(M) ⊂ L2(M) denotes the second Sobolev space, and one
calls P (h) a Schro¨dinger operator, too. For each h ∈ (0, 1], the spectrum of P (h) is discrete, consisting
of eigenvalues {Ej(h)}j∈N which we repeat according to their multiplicity and which form a non-
decreasing sequence unbounded towards +∞. Thus, the spectrum of P (h) is bounded from below and
its eigenspaces are finite-dimensional. The associated sequence of eigenfunctions {uj(h)}j∈N constitutes
a Hilbert basis in L2(M), and each eigenfunction uj(h) is smooth. Now, since P (h) commutes with the
isometric G-action, one can use representation theory to study the eigenfunctions of P (h) in a more
detailed way. Indeed, by the Peter-Weyl theorem, the unitary left-regular representation of G
G× L2(M)→ L2(M), (g, f) 7→ (Lgf : x 7→ f(g−1 · x)) ,
has an orthogonal decomposition into isotypic components of the form
(1.2) L2(M) =
⊕
χ∈Ĝ
L2χ(M), L
2
χ(M) = Tχ L
2(M),
where we wrote Ĝ for the set of equivalence classes of irreducible unitary G-representations, and
Tχ : L
2(M) → L2χ(M) for the associated orthogonal projections. The character belonging to an
element χ ∈ Ĝ is given by χ(g) := trpiχ(g), where piχ denotes a representation of class χ. It is also
denoted by χ, and the projectors Tχ are given by the explicit formula
(1.3) Tχ : f 7→
(
x 7→ dχ
ˆ
G
χ(g)f(g−1 · x) dg
)
,
where dg is the normalized Haar measure on G and dχ the dimension of piχ. Since each eigenspace of
P (h) decomposes into a sum of unitary irreducible G-representations, we can study the eigenfunctions
of P (h) by considering its bi-restrictions P (h)|χ : L2χ(M) ∩ H2(M) → L2χ(M) to the different isotypic
components. More generally, for an operator A : D → L2(M) defined on a Tχ-invariant subset
D ⊂ L2(M) one can consider the associated reduced operator
Aχ := Tχ ◦A ◦ Tχ|D.
Since P (h) commutes with Tχ, the reduced operator P (h)χ coincides with P (h)|χ. Instead of consider-
ing only one isotypic component, one can also consider the bi-restriction of P (h) to h-dependent sums
of isotypic components of the form
L2Wh(M) =
⊕
χ∈Wh
L2χ(M),
choosing for each h ∈ (0, 1] an appropriate finite subset Wh ⊂ Ĝ whose cardinality is allowed to grow
in a controlled way as h → 0. The study of a single isotypic component corresponds to choosing
4 BENJAMIN KU¨STER AND PABLO RAMACHER
Wh = {χ} for all h and a fixed χ ∈ Ĝ. Note that, so far, it is a priori irrelevant whether the group
action has various different orbit types or not.
On the other hand, the principal symbol of the Schro¨dinger operator is given by the G-invariant
symbol function
(1.4) p : T ∗M → R, (x, ξ) 7→ ‖ξ‖2x + V (x),
and represents a Hamiltonian on the co-tangent bundle T ∗M with canonical symplectic form ω. It
defines a Hamiltonian flow ϕt : T
∗M → T ∗M , which in the special case V ≡ 0 corresponds to the
geodesic flow on T ∗M . Consider now for a regular value c of p the hypersurface Σc := p−1({c}) ⊂ T ∗M .
It is invariant under the Hamiltonian flow ϕt, and carries a canonical hypersurface measure dΣc
induced by ω. In the special case Σc = S
∗M , dΣc = d(S∗M) is commonly called the Liouville
measure. Now, if G is non-trivial, ϕt cannot be ergodic on (Σc, dΣc) due to the presence of additional
conserved quantities besides the total energy c. To describe the dynamics of the system, it is therefore
convenient to divide out the symmetries, which can be done by performing a procedure called symplectic
reduction. The latter is based on the fundamental fact that the presence of conserved quantities or first
integrals of motion leads to elimination of variables, and reduces the given configuration space with
its symmetries to a lower-dimensional one, in which the degeneracies and the conserved quantitites
have been eliminated. Namely, let J : T ∗M → g∗ denote the momentum map of the Hamiltonian G-
action on T ∗M , which represents the conserved quantitites of the system, and consider the topological
quotient space
Ω˜ := Ω/G, Ω := J−1({0}).
If the G-action is not free the space Ω need not be a manifold. Nevertheless, Ω and Ω˜ are stratified
spaces, where each stratum is a smooth manifold that consists of orbits of one particular type. In
particular, Ω and Ω˜ each have a principal stratum Ωreg and Ω˜reg, respectively, which is the smooth
manifold consisting of (the union of) all orbits whose isotropy type is the minimal of M . Moreover, Ω˜reg
carries a canonical symplectic structure, and the Hamiltonian flow on T ∗M induces a flow ϕ˜t : Ω˜reg →
Ω˜reg, which is the Hamiltonian flow associated to the reduced Hamiltonian p˜ : Ω˜reg → R induced by p.
One calls ϕ˜t the reduced Hamiltonian flow. Since the orbit projection Ωreg → Ω˜reg is a submersion, c is
also a regular value of the reduced symbol function p˜, and we define Σ˜c := p˜
−1({c}) ⊂ Ω˜reg. Similarly
to (Σc, dΣc), the smooth hypersurface Σ˜c = (Ωreg ∩ Σc)/G ⊂ Ω˜reg carries a measure dΣ˜c induced by
the symplectic form on Ω˜reg, and one can interpret the measure space (Σ˜c, dΣ˜c) as the symplectic
reduction of (Σc, dΣc). Note that (Σ˜c, dΣ˜c) corresponds to the measure space
(
Ωreg ∩Σc, dµcvolO
)
, where
dµc denotes the induced volume density on the smooth hypersurface Ωreg∩Σc ⊂ Ωreg, and the function
volO : Σc ∩ Ωreg → (0,∞), x 7→ vol (G · x) assigns to an orbit its Riemannian volume, see Section 2.4
of Part I.
Now, coming back to our initial question, let us assume that the reduced Hamiltonian flow ϕ˜t is
ergodic on (Σ˜c, dΣ˜c), and choose for each h ∈ (0, 1] an appropriate finite setWh ⊂ Ĝ whose cardinality
does not grow too fast as h→ 0, see Definition 1.1 below. We then ask whether there is a non-trivial
family of index sets {Λ(h)}h∈(0,1], Λ(h) ⊂ N, such that for j ∈ Λ(h) we have uj(h) ∈ L2χ(M) for some
χ ∈ Wh, the associated eigenvalue Ej(h) is close to c, and the distributions
µj(h) : C
∞
c (Σc) −→ C, a 7−→ 〈Oph(a)uj(h), uj(h)〉L2(M)
converge for j ∈ Λ(h) and h → 0 to a distribution limit with density 1, which would answer the
corresponding question for the measures |uj(h)|2dM . In particular, in the special case V ≡ 0, c = 1,
the problem is equivalent to finding quantum limits for sequences of eigenfunctions of the Laplace-
Beltrami operator. In case that M˜ is an orbifold and Wh = {χ0} for all h, where χ0 corresponds to
the trivial representation, this problem has been dealt with recently by Kordyukov [21] using classical
techniques.
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The general idea behind our approach can be summarized as follows. The existence of symmetries of
a classical Hamiltonian system implies the existence of conserved quantitites and partial integrability
of the Hamiltonian flow, forcing the system to behave less chaotically. Symplectic reduction divides
out the symmetries, and hence, order, and allows to study the symmetry-reduced spectral and ergodic
properties of the corresponding quantum system. In particular, eigenfunctions should reflect the
partially chaotic behavior of the classical system. In our approach, we shall combine well-known
methods from semiclassical analysis and symplectic reduction with results on singular equivariant
asymptotics recently developed in [30]. In case of the Laplacian, it would also be possible to study the
problem via the original classical approach of Shnirelman, Zelditch and Colin de Verdie`re.
1.3. Results. To formulate our results, we need to introduce some additional notation. As explained in
Section 2.3 of Part I, the G-action on M possesses a principal isotropy type (H) which is represented
by a principal isotropy subgroup H ⊂ G, as well as a principal orbit type. We denote by κ the
dimension of the principal orbits, which agrees with the maximal dimension of a G-orbit in M , and
we assume throughout the whole paper that κ < n = dimM . For an element χ ∈ Ĝ write [piχ|H : 1]
for the multiplicity of the trivial representation in the restriction of the irreducible G-representation
piχ to H. Let Ĝ
′ ⊂ Ĝ be the subset consisting of those classes of representations that appear in the
decomposition (1.2) of L2(M). In order to consider a growing number of isotypic components of L2(M)
in the semiclassical limit we make the following
Definition 1.1. A family {Wh}h∈(0,1] of finite sets Wh ⊂ Ĝ′ is called semiclassical character family
if there exists a ϑ ≥ 0 such that for each N ∈ {0, 1, 2, . . .} and each differential operator D on G of
order N there is a constant C > 0 independent of h with
1
#Wh
∑
χ∈Wh
‖Dχ‖∞
[piχ|H : 1] ≤ C h
−ϑN ∀ h ∈ (0, 1].
We call the smallest possible ϑ the growth rate of the semiclassical character family.
As a simple example, consider the case G = SO(2) ∼= S1 ⊂ C. Then Ĝ = {χk : k ∈ Z}, where
the k-th character χk : G → C is given by χk
(
eiϕ
)
:= eikϕ, and one obtains a semiclassical character
family with growth rate less or equal to ϑ by setting Wh := {χk : |k| ≤ h−ϑ}. Analogous families
can be constructed for any compact connected Lie group, see Example 1.2 of Part I. Next, denote by
Ψmh (M), m ∈ R ∪ {−∞}, the set of semiclassical pseudodifferential operators on M of order m. The
principal symbols of these operators are represented by symbol functions in the classes Sm(M), see
Section 2.1 of Part I. Finally, for any measurable function f with domain D a G-invariant subset of
M or T ∗M we write
(1.5) 〈f〉G(x) :=
ˆ
G
f(g · x) dg,
and denote by 〈˜f〉G the function induced on the orbit space D/G by the G-invariant function 〈f〉G.
As before, let P (h) be a Schro¨dinger operator defined by (1.1) with eigenfunctions {uj(h)}j∈N and
eigenvalues {Ej(h)}j∈N. We can now state the main result of this paper.
Result 1 (Equivariant quantum ergodicity for Schro¨dinger operators, Theorem 4.6). Suppose
that the reduced Hamiltonian flow ϕ˜t is ergodic on Σ˜c. For a number β ∈
(
0, 12κ+4
)
and a semiclassical
character family {Wh}h∈(0,1] with growth rate ϑ < 1−(2κ+4)β2κ+3 set
J(h) :=
{
j ∈ N : Ej(h) ∈ [c, c+ hβ ], χj(h) ∈ Wh
}
,
were χj(h) is defined by uj(h) ∈ L2χj(h)(M). Then, there is a h0 ∈ (0, 1] such that for each h ∈ (0, h0]
we have a subset Λ(h) ⊂ J(h) satisfying
lim
h→0
#Λ(h)
#J(h)
= 1
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such that for each semiclassical pseudodifferential operator A ∈ Ψ0h(M) with principal symbol σ(A) =
[a], where a is h-independent, the following holds. For all ε > 0 there is a hε ∈ (0, h0] such that
1√
dχj(h)[piχj(h)|H : 1]
∣∣∣ 〈Auj(h), uj(h)〉L2(M) −  
Σc∩Ωreg
a
dµc
volO
∣∣∣ < ε ∀ j ∈ Λ(h), ∀h ∈ (0, hε].
Moreover, the integral in the previous line equals
ffl
Σ˜c
〈˜a〉G dΣ˜c.
If Wh consists of just a single character, the statement of Result 1 is slightly simpler, see Theorem
4.7. Result 1 will be deduced from the equivariant semiclassical Weyl law proved in Part I. The
proof of the latter is based on a functional calculus for semiclassical pseudodifferential operators and
h-dependent test functions developed in [23], and reduces to the asymptotic description of certain
oscillatory integrals that have recently been studied in [30] using resolution of singularities. The
involved phase functions are given in terms of the underlying G-action on M , and if singular orbits
occur, the corresponding critical sets are no longer smooth, so that a partial desingularization process
has to be implemented in order to obtain asymptotics with remainder estimates via the stationary
phase principle. Let us emphasize that the remainder estimate for the equivariant semiclassical Weyl
law proved in Part I, and consequently the desingularization process implemented in [30], are crucial
for studying the shrinking spectral windows [c, c+hβ ] and the growing familiesWh of representations in
Result 1. In the special case of the Laplacian, Result 1 becomes an equivariant version of the classical
quantum ergodicity theorem of Shnirelman [35], Zelditch [43], and Colin de Verdie`re [10]. To state
it, let {uj}j∈N be an orthonormal basis in L2(M) of eigenfunctions of −∆ with associated eigenvalues
{Ej}j∈N.
Result 2 (Equivariant quantum limits for the Laplacian, Theorem 5.2). Assume that the reduced
geodesic flow is ergodic. Choose a semiclassical character family {Wh}h∈(0,1] of growth rate ϑ < 12κ+3
and a partition P of the set {Ej}j∈N of order β ∈
(
0, 1−(2κ+3)ϑ2κ+4
)
in the sense of Definition 5.1. Define
the set of eigenfunctions {
uW,Pi
}
i∈N :=
{
uj : χj ∈ WE−1/2P(j)
}
,
where χj is defined by uj ∈ L2χj (M). Then, there is a subsequence
{
uW,Pik
}
k∈N of density 1 in{
uW,Pi
}
i∈N such that for all s ∈ C∞(S∗M) one has
1√
dχik [piχik |H : 1]
∣∣∣ 〈Op(s)uW,Pik , uW,Pik 〉L2(M) −
 
S∗M∩Ωreg
s
dµ
volO
∣∣∣ −→ 0 as k →∞,
where we wrote µ for µ1 and Op for Op1, which is the ordinary non-semiclassical quantization.
In the special case of a single isotypic component, Result 2 simplifies to the following statement.
Let {uχj }j∈N be an orthonormal basis of L2χ(M) consisting of eigenfunctions of −∆. Then, there is a
subsequence {uχjk}k∈N of density 1 in {uχj }j∈N such that for all a ∈ C∞(S∗M) one has〈
Op(a)uχjk , u
χ
jk
〉
L2(M)
−→ 1
vol µ
volO
(S∗M ∩ Ωreg)
ˆ
S∗M∩Ωreg
a
dµ
volO
as k →∞,
see Theorem 5.8.
The obtained quantum limits (vol µc
volO
(Σc ∩ Ωreg))−1 dµcvolO describe the ergodic properties of the
eigenfunctions in the presence of symmetries, and are the answer to our initial question. They are
singular measures since they are supported on Σc ∩Ωreg, which is a submanifold of Σc of codimension
κ. In fact, they correspond to Liouville measures on the smooth bundles
S∗p˜,c(M˜reg) :=
{
(x, ξ) ∈ T ∗(M˜reg) : p˜(x, ξ) = c
}
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over the space of principal orbits in M ; if M˜ is an orbifold, they are given by integrals over the orbifold
bundles S∗p˜,c(M˜) :=
{
(x, ξ) ∈ T ∗M˜ : p˜(x, ξ) = c
}
, see Remark 2.4. In the latter case, the ergodicity of
the reduced flow ϕ˜t on Σ˜c is equivalent to the ergodicity of the corresponding Hamiltonian flow on the
orbifold bundle S∗p˜,c(M˜) with respect to the canonical Liouville measures.
Projecting from S∗M ∩ Ωreg onto M we immediately deduce from Result 2 for any f ∈ C(M)
1√
dχik [piχik |H : 1]
∣∣∣ ˆ
M
f |uW,Pik |2dM −
 
M
f
dM
volO
∣∣∣ −→ 0 as k →∞,
which describes the asymptotic equidistribution of the eigenfunctions in the presence of symmetries,
see Corollary 5.4. For a single isotypic component we get the weak convergence of measures
|uχjk |2 dM −→
(
vol dM
volO
M
)−1 dM
volO
as k →∞,
compare Corollary 5.9. The fact that the reduced and the non-reduced flow cannot be simultane-
ously ergodic is consistent with the QUE conjecture, since otherwise our results would, in principle,
imply the existence of exceptional subsequences for ergodic geodesic flows. In this sense, our results
can be understood as complementary to the previously known results. Applying some elementary
representation theory, one can deduce from Corollary 5.4 a statement on convergence of measures on
the topological Hausdorff space M˜ associated to irreducible G-representations. For this, choose an
orthogonal decomposition of L2(M) into a direct sum
⊕
i∈N Vi of irreducible unitary G-modules such
that each Vi is contained in an eigenspace of the Laplace-Beltrami operator corresponding to some
eigenvalue Ej(i). Denote by χi ∈ Ĝ the class of Vi.
Result 3 (Representation-theoretic equidistribution theorem, Theorem 5.7). Assume that the
reduced geodesic flow is ergodic. Choose a semiclassical character family {Wh}h∈(0,1] of growth rate
ϑ < 12κ+3 and a partition P of {Ej}j∈N of order β ∈ (0, 1−(2κ+3)ϑ2κ+4 ). Define the set of irreducible
G-modules {
VW,Pl
}
l∈N :=
{
Vi : χi ∈ WE−1/2P(j(i))
}
.
As in Lemma 5.6, assign to each VW,Pl the G-invariant function Θl := ΘVW,Pl : M → [0,∞), and
regard it as a function on M/G = M˜ . Then, there is a subsequence
{
VW,Plm
}
m∈N with
lim
N→∞
∑
lm≤N dχlm∑
i≤N dχi
= 1
for which
1√
dχlm [piχlm |H : 1]
∣∣∣ˆ
M˜
f Θlm dM˜ −
 
M˜
f
dM˜
vol
∣∣∣ −→ 0 as m→∞,
where dM˜ := pi∗dM is the pushforward measure defined by the orbit projection pi : M → M/G = M˜
and vol : M˜ → (0,∞) assigns to an orbit its Riemannian volume.
For a single isotypic component, one obtains a simpler statement by considering an orthogonal
decomposition of L2χ(M) into a sum
⊕
i∈N V
χ
i of irreducible unitary G-modules of class χ such that
each V χi is contained in some eigenspace of the Laplace-Beltrami operator. Then, we have the weak
convergence of measures
Θχik dM˜
k→∞−→
(
vol dM˜
vol
M˜
)−1 dM˜
vol
for a subsequence {V χik}k∈N of density 1 in {V χi }i∈N, see Theorem 5.10. Note that Result 3 is a
statement about limits of representations, or multiplicities, and not eigenfunctions, since it assigns to
unitary irreducible G-module in L2(M) a measure on M˜ , and then considers the weak convergence
of those measures. In essence, it can therefore be regarded as a representation-theoretic statement in
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which the spectral theory for the Laplacian only enters in choosing a concrete decomposition of each
isotypic component. In the case of the trivial group G = {e}, there is only one isotypic component
in L2(M), associated to the trivial representation, and choosing a family of irreducible modules is
equivalent to choosing a Hilbert basis of L2(M) of eigenfunctions of the Laplace-Beltrami operator.
Result 3 then reduces to the classical equidistribution theorem for the Laplacian.
In Section 6 we consider some concrete examples to illustrate our results. They include
• compact locally symmetric spaces Y := Γ\G/K, where G is a connected semisimple Lie group
of rank 1 with finite center, Γ a discrete co-compact subgroup, and K a maximal compact
subgroup;
• all surfaces of revolution diffeomorphic to the 2-sphere;
• S3-invariant metrics on the 4-sphere.
In the first case, K acts with finite isotropy groups on X := Γ\G, so that Y is an orbifold. Furthermore,
the orbit volume is constant. The reduced geodesic flow on M = X := Γ\G coincides with the geodesic
flow on Y and is ergodic, since Y has strictly negative sectional curvature. Our results recover the
Shnirelman-Zelditch-Colin-de-Verdie`re theorem for L2(Y) ' L2(X)K , and generalize it to non-trivial
isotypic components of L2(X). In the examples of the 2- and 4-dimensional spheres, the considered
actions have two fixed points, and the reduced geodesic flow is ergodic for topological reasons, regardless
of the choice of invariant Riemannian metric and in spite of the fact that the geodesic flow can be
totally integrable. Since the eigenfunctions of the Laplacian on the standard 2-sphere – the spherical
harmonics – are well understood, we can independently verify Result 3 for single isotypic components
in this case.
1.4. Previously known results. In case that G acts on M with only one orbit type, M˜ is a compact
smooth manifold with Riemannian metric induced by the G-invariant Riemannian metric on M . By co-
tangent bundle reduction, T ∗M˜ is symplectomorphic to J−1({0})/G, so the ergodicity of the reduced
geodesic flow on M and that of the geodesic flow on M˜ are equivalent. Under these circumstances, one
can apply the classical Shnirelman-Zelditch-Colin-de-Verdie`re equidistribution theorem to M˜ , yielding
an equidistribution statement for the eigenfunctions of the Laplacian ∆
M˜
on M˜ in terms of weak
convergence of measures on M˜ . On the other hand, one could as well apply Corollary 5.4 and Theorem
5.7 to M , yielding also a statement about weak convergence of measures on M˜ , but this time with
measures related to eigenfunctions of the Laplacian ∆M on M in families of isotypic components of
L2(M). It is then an obvious question how these two results are related. The answer is rather difficult
in general, since – in spite of the presence of the isometric group action – the geometry of M may be
much more complicated than that of M˜ . Consequently, the eigenfunctions of ∆M , even those in the
trivial isotypic component, that is, those that are G-invariant, may be much harder to understand than
the eigenfunctions of ∆
M˜
. Only in case that all orbits are totally geodesic or minimal submanifolds,
or, more generally, do all have the same volume, one can show that an eigenfunction of ∆
M˜
lifts to a
unique G-invariant eigenfunction of ∆M [40, 6, 3]. In this particular situation, it is easy to see that the
application of the Shnirelman-Zelditch-Colin-de-Verdie`re equidistribution theorem implies our results,
but only for the single trivial isotypic component. The case of a compact locally symmetric space
treated in Section 6.1 is an example of this in the torsion-free case. In cases where the orbit volume is
not constant, we do not know of any significant results about the relation between the eigenfunctions
of ∆
M˜
and ∆M .
An explicitly studied case is that of a general free G-action, when the projection M →M/G = M˜ is
a Riemannian principal G-bundle. Extending work of Schrader and Taylor [33], Zelditch [44] obtained
quantum limits for sequences of eigenfunctions of ∆M in so-called fuzzy ladders. These are subsets
of L2(M) associated to a so-called ray of representations originating from some chosen χ ∈ Ĝ. The
obtained quantums limit are directly related to the symplectic orbit reduction J−1(Oχ)/G ' T ∗M˜ ,
where Oχ ⊂ g∗ is the co-adjoint orbit associated to χ by the Borel-Weil theorem. They are given by
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Liouville measures on hypersurfaces in J−1(Oχ)/G, and their projections onto the base manifold agree
with ours.
Further, significant efforts were recently made towards the understanding of quantum (unique)
ergodicity for locally symmetric spaces, which are particular manifolds of negative sectional curvature.
As before, let G be a connected, semisimple Lie group with finite center, G = KAN an Iwasawa
decomposition of G, and Γ a torsion-free, discrete subgroup in G. Following earlier work of Zelditch
and Lindenstrauss, Silberman and Venkatesh introduced in [36] certain representation theoretic lifts
from Y = Γ\G/K to X = Γ\G that substitute the previously considered microlocal lifts and take
into account the additional structure of locally symmetric spaces. These representation theoretic lifts
should play an important role in solving the QUE conjecture, already settled by Lindenstrauss in
particular cases, also for higher rank symmetric spaces. In case that Γ is co-compact, their results
were generalized by Bunke and Olbrich [9] to homogeneous vector bundles X×K Vχ over Y associated
to equivalence classes of irreducible representations χ ∈ K̂ of the maximal compact subgroup K.
The constructed representation theoretic lifts are invariant with respect to the action of A, which
corresponds to the invariance of the microlocal lifts under the geodesic flow. Since Γ has no torsion,
K acts on X only with one orbit type.
Finally, there has been much work in recent times concerning the spectral theory of elliptic operators
on orbifolds. Such spaces are locally homeomorphic to a quotient of Euclidean space by a finite group
while, globally, any (reduced) orbifold is a quotient of a smooth manifold by a compact Lie group
action with finite isotropy groups, that is, in particular, with no singular isotropy types [1, 28]. As it
turns out, the theory of elliptic operators on orbifolds is essentially equivalent to the theory of invariant
elliptic operators on manifolds carrying the action of a compact Lie group with finite isotropy groups
[8, 12, 38]. In particular, Kordyukov [21] obtained the Shnirelman-Zelditch-Colin-de-Verdie`re theorem
for elliptic operators on compact orbifolds, using their original high-energy approach. Result 2 recovers
his result for the Laplacian, and generalizes it to singular group actions and growing families of isotypic
components.
Thus, in all the previously examined cases, no singular orbits occur. Actually, our work can be
viewed as part of an attempt to develop a spectral theory of elliptic operators on general singular
G-spaces.
To close, it might be appropriate to mention that Marklof and O’Keefe [27] obtained quantum limits
in situations where the geodesic flow is ergodic only in certain regions of phase space. Conceptually,
this is both similar and contrary to our approach, since in this case the geodesic flow is partially ergodic
as well, but not due to symmetries.
1.5. Comments and outlook. We would like to close this introduction by making some comments,
and indicating some possible research lines for the future.
Weaker versions of Result 1 and 2 can be proved in the case of a single isotypic component by the
same methods employed here with a less sharp energy localization in a fixed interval [c, c+ε] instead of a
shrinking interval [c, c+hβ ]. The point is that for these weaker statements no remainder estimate in the
semiclassical Weyl law is necessary, see Remark 4.5. Thus, at least the weaker version of Result 2 could
have also been obtained within the classical framework in the late 1970’s using heat kernel methods as
in [11] or [7]. In contrast, for the stronger versions of equivariant quantum ergodicity proved in Result
1 and 2, remainder estimates in the equivariant Weyl law, and in particular the results obtained in [30]
for general group actions via resolution of singularities, are necessary. However, the weaker versions
would still be strong enough to imply Result 3 for a single isotypic component. Therefore, in principle,
Theorem 5.10 could have been proved already when Shnirelman formulated his theorem more than 40
years ago.
As mentioned above, the idea of considering families of representations that vary with the asymptotic
parameter has been known since the end of the 1980’s, compare [33, 14, 44], and it is a natural
problem to determine what kind of families can be considered in the context of quantum ergodicity,
and study them from a more conceptional point of view. To illustrate this, consider the example
10 BENJAMIN KU¨STER AND PABLO RAMACHER
m\l 0 1 2 3 4 5 · · ·
... . .
.
5 Y5,5 · · ·
4 Y4,4 Y5,4 · · ·
3 Y3,3 Y4,3 Y5,3 · · ·
2 Y2,2 Y3,2 Y4,2 Y5,2 · · ·
1 Y1,1 Y2,1 Y3,1 Y4,1 Y5,1 · · ·
0 Y0,0 Y1,0 Y2,0 Y3,0 Y4,0 Y5,0 · · ·
−1 Y1,−1 Y2,−1 Y3,−1 Y4,−1 Y5,−1 · · ·
−2 Y2,−2 Y3,−2 Y4,−2 Y5,−2 · · ·
−3 Y3,−3 Y4,−3 Y5,−3 · · ·
−4 Y4,−4 Y5,−4 · · ·
−5 Y5,−5 · · ·
...
. . .
Figure 1.1. Spherical harmonics
on S2 in cone-like families of rep-
resentations.
m\l 0 1 2 3 4 5 · · ·
... . .
.
5 Y5,5 · · ·
4 Y4,4 Y5,4 · · ·
3 Y3,3 Y4,3 Y5,3 · · ·
2 Y2,2 Y3,2 Y4,2 Y5,2 · · ·
1 Y1,1 Y2,1 Y3,1 Y4,1 Y5,1 · · ·
0 Y0,0 Y1,0 Y2,0 Y3,0 Y4,0 Y5,0 · · ·
−1 Y1,−1 Y2,−1 Y3,−1 Y4,−1 Y5,−1 · · ·
−2 Y2,−2 Y3,−2 Y4,−2 Y5,−2 · · ·
−3 Y3,−3 Y4,−3 Y5,−3 · · ·
−4 Y4,−4 Y5,−4 · · ·
−5 Y5,−5 · · ·
...
. . .
1
Figure 1.2. Zonal spherical har-
monics on S2.
of the standard 2-sphere S2 ⊂ R3, acted upon by the group SO(2) ' S1 of rotations around the
z-axis in R3. This action has exactly two fixed points given by the north pole and the south pole
of S2, while all other orbits are circles. The eigenvalues of −∆ on S2 are given by the numbers
l(l + 1), l = 0, 1, 2, 3 . . . , and the corresponding eigenspaces El are of dimension 2l + 1. They are
spanned by the spherical harmonics Yl,m given by the Legendre polynomials, where m ∈ Z, |m| ≤ l.
Each subspace C · Yl,m corresponds to an irreducible representation of SO(2), and each irreducible
representation with character χk(e
iφ) = eikφ and |k| ≤ l occurs in the eigenspace El with multiplicity
1. The semiclassical character families considered in our work have been illustrated in Figures 1.1 and
1.2 of Part I. As opposed to our results, Figure 1.1 illustrates a cone-like family of representations
that would correspond to subsequences of eigenfunctions of density larger than zero, while Figure 1.2
depicts the sequence of zonal spherical harmonics Yl,l, which are known to localize at the equator of S
2
as l →∞, and therefore yield a different limit measure than the one implied by Result 3, see Section
6.2 and in particular Remark 6.5. Therefore, different kinds of families of representations give rise to
qualitatively different quantum limits, and it would be illuminating to understand this interrelation in
a deeper way.
As further lines of research, it would be interesting to see whether our results can be generalized
to G-vector bundles, as well as manifolds with boundary and non-compact situations. Also, in view
of Result 3, it might be possible to deepen our understanding of equivariant quantum ergodicity via
representation theory. Finally, one can ask what could be a suitable symmetry-reduced version of the
QUE conjecture, and we intend to deal with these questions in the future. In the particular case of
the SO(2)-action on the standard 2-sphere studied in Section 6, we actually show that in each fixed
isotypic component the representation-theoretic equidistribution theorem for the Laplacian applies to
the full sequence of spherical harmonics, so that equivariant QUE holds in this case. However, even
for this simple example it is unclear whether equivariant QUE holds for growing families of isotypic
components.
2. Background
In this section we describe the setup in more detail, and collect the relevant results from Part I [24]
needed in the upcoming sections. For a systematic exposition of the background with corresponding
references, we refer the reader to Section 2 and Appendix A of Part I.
2.1. Symplectic reduction. In what follows, we review in some detail the theory of symplectic
reduction of Marsden and Weinstein, Sjamaar, Lerman and Bates. It was already briefly recalled in
Part I. The theory emerged out of classical mechanics, and is based on the fundamental fact that the
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presence of conserved quantities or integrals of motion leads to the elimination of variables. Let (X, ω)
be a connected symplectic manifold, and assume that (X, ω) carries a global Hamiltonian action of a
Lie group G. In particular, we will be interested in the case where X = T ∗M is the co-tangent bundle
of our manifold M . Let
J : X→ g∗, J(η)(X) = JX(η),
be the corresponding momentum map, where JX : X → R is a C∞-function depending linearly on
X ∈ g such that the fundamental vector field X˜ on X associated to X is given by the Hamiltonian
vector field of JX . It is clear from the definition that Ad ∗(g−1)◦J = J◦g. Furthermore, for each X ∈ g
the function JX is a conserved quantity or integral of motion for any G-invariant function p ∈ C∞(X)
since in this case
{JX , p} = ω(s-grad JX , s-grad p) = −ω(X˜, s-grad p) = dp(X˜) = X˜(p) = 0,
where {·, ·} is the Poisson-bracket on X given by ω. Now, define
Ω := J−1({0}), Ω˜ := Ω/G.
Unless the G-action on X is free, the reduced space Ω˜ will in general not be a smooth manifold, but a
topological quotient space. Nevertheless, one can show that Ω˜ constitutes a stratified symplectic space
in the following sense. A function f˜ : Ω˜ → R is defined to be smooth, if there exists a G-invariant
function f ∈ C∞(X)G such that f |Ω = pi∗f˜ , where pi : Ω → Ω˜ denotes the orbit map. One can
then show that C∞(Ω˜) inherits a Poisson algebra structure from C∞(X) which is compatible with
a stratification of the reduced space into symplectic manifolds. Moreover, the Hamiltonian flow ϕt
corresponding to f is G-invariant and leaves Ω invariant, and consequently descends to a flow ϕ˜t on
Ω˜ [37].
More precisely, let µ be a value of J, and Gµ the isotropy group of µ with respect to the co-adjoint
action on g∗. Consider further an isotropy group K ⊂ G of the G-action on X, let η ∈ J−1({µ}) be
such that Gη = K, and X
η
K be the connected component of XK := {ζ ∈ X : Gζ = K} containing η.
Then [29, Theorem 8.1.1] the set J−1({µ})∩Gµ ·XηK is a smooth submanifold of X, and the quotient
Ω˜(K)µ :=
(
J−1({µ}) ∩Gµ ·XηK
)/
Gµ
possesses a differentiable structure such that the projection pi
(K)
µ : J−1({µ}) ∩ Gµ ·XηK → Ω˜(K)µ is a
surjective submersion. Furthermore, there exists a unique symplectic form ω˜
(K)
µ on Ω˜
(K)
µ such that
(ι
(K)
µ )∗ω = (pi
(K)
µ )∗(ω˜
(K)
µ ), where ι
(K)
µ : J−1({µ}) ∩ Gµ · XηK ↪→ X denotes the inclusion. Finally,
if p ∈ C∞(X) is a G-invariant function, Hp := s-grad p its Hamiltonian vector field, and ϕt the
corresponding flow, then ϕt leaves invariant the components of J−1({µ}) ∩ Gµ · XηK and commutes
with the Gµ-action, yielding a reduced flow ϕ˜
µ
t on Ω˜
(K)
µ given by
(2.1) pi(K)µ ◦ ϕt ◦ ι(K)µ = ϕ˜µt ◦ pi(K)µ .
This reduced flow ϕ˜µt on Ω˜
(K)
µ turns out to be Hamiltonian, and its Hamiltonian p˜
(K)
µ : Ω˜
(K)
µ → R
satisfies p˜
(K)
µ ◦ pi(K)µ = p ◦ ι(K)µ .
Remark 2.1. With the notation above we have G · XK = X(K). Indeed, for x ∈ XK , the isotropy
group of x is K. If g′g · x = g · x for some g, g′ ∈ G, then g−1g′g · x = x, hence g−1g′g ∈ K, that is
g′ ∈ (K). That shows G ·XK ⊂ X(K). On the other hand, if x ∈ X(K), then (Gx) = (K), hence for
every g′ ∈ Gx, there is a k ∈ K and a g ∈ G such that g′ = gkg−1. But then kg−1 · x = g−1 · x, so
that g−1 · x ∈ XK , and in particular x ∈ G ·XK .
Example 2.2. Let G be a Lie group. An important class of examples of Hamiltonian group actions is
given by induced actions on co-tangent bundles of G-manifolds. Thus, let Ψ : G ×M → M, (g, x) →
Ψg(x) := g · x be a smooth G-action on a smooth manifold M . The induced action on T ∗M is given
by
(g · ηx)(v) = ((Ψg−1)∗g·x · ηx)(v) = ηx((Ψg−1)∗,g·x · v), ηx ∈ T ∗xM, v ∈ Tg·xM,
12 BENJAMIN KU¨STER AND PABLO RAMACHER
where (Ψg)∗,x : TxM → Tg·xM denotes the derivative of the map g : M → M,x 7→ g · x. Now, if
τ : X = T ∗M→M denotes the co-tangent bundle with standard symplectic form ω = −dθ, where θ is
the tautological or Liouville one-form on T ∗M , then
J : T ∗M 3 η 7→ J(η)(X) := η(X˜τ(η)), X ∈ g,(2.2)
defines a co-adjoint equivariant momentum map, meaning that the G-action on T ∗M is Hamiltonian.
Here X˜τ(η) denotes the fundamental vector field on M corresponding to X evaluated at the point τ(η).
In the particular case when M = G is itself a Lie group, and L : G×G→ G denotes the left action of
G onto itself, there exists a vector bundle isomorphism
(2.3) T ∗G '−→ G× g∗, ηg 7→ (g, (Lg)∗e · ηg),
called the left trivialization of T ∗G, and the induced left action takes the form
g · (h, µ) = (gh, µ), g, h ∈ G, µ ∈ g∗.
Consequently, the decomposition of T ∗G into orbit types of this action is given by the one of G and
(T ∗G)(H) = T ∗(G(H)),
H being an arbitrary closed subgroup of G. On the other hand, the momentum map reads J(g, µ) =
Ad ∗g−1µ, since with µ = (Lg)
∗
e · ηg one computes for X ∈ g
J(g, µ)(X) = J(ηg)(X) = (Lg−1)∗g µ(X˜g) = µ((Lg−1)∗,gX˜g) = µ
( d
dt
(g−1 etX g)|t=0
)
= µ(Ad (g−1)X),
compare [29, Example 4.5.5].
Let us now apply these general results to the situation of this paper. Thus, let X = T ∗M , where
M is a connected compact boundary-less Riemannian manifold of dimension n, carrying an isometric
effective action of a compact connected Lie group G. In all what follows, the principal isotropy type of
the action will be denoted by (H), H being a closed subgroup of G, and the dimension of the principal
orbits in M by κ. Furthermore, we shall always assume that κ < n. T ∗M constitutes a Hamiltonian
G-space when endowed with the canonical symplectic structure and the G-action induced from the
smooth action on M , and one has
(2.4) Ω = J−1({0}) =
⊔
x∈M
AnnTx(G · x),
where AnnVx ⊂ T ∗xM denotes the annihilator of a subspace Vx ⊂ TxM . Further, let
Mreg := M(H), Ωreg := Ω ∩ (T ∗M)(H),
where M(H) and (T ∗M)(H) denote the union of orbits of type (H) in M and T ∗M , respectively. By
the principal orbit theorem, Mreg is open in M , hence Mreg is a smooth submanifold. We then define
M˜reg := Mreg/G.
M˜reg is a smooth boundary-less manifold, since G acts on Mreg with only one orbit type and Mreg is
open in M . Moreover, because the Riemannian metric on M is G-invariant, it induces a Riemannian
metric on M˜reg. On the other hand, by symplectic reduction Ωreg is a smooth submanifold of T
∗M ,
and the quotient
Ω˜reg := Ωreg/G
possesses a unique differentiable structure such that the projection pi : Ωreg → Ω˜reg is a surjective
submersion. Furthermore, there exists a unique symplectic form ω˜ on Ω˜reg such that ι
∗ω = pi∗ω˜, where
ι : Ωreg ↪→ T ∗M denotes the inclusion and ω the canonical symplectic form on T ∗M . In addition, by
co-tangent bundle reduction the two 2(n− κ)-dimensional symplectic manifolds
(2.5) (T ∗Mreg ∩ Ω)/G ' T ∗M˜reg
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are canonically symplectomorphic. In case that G acts on M only with finite isotropy groups, M˜ :=
M/G is an orbifold, and the relation above constitutes the quotient presentation of the co-tangent
bundle of M˜ as an orbifold.
2.2. Generalized equivariant semiclassical Weyl law. Let M be a compact Riemannian manifold
of dimension n, and denote by Ψmh (M) the C-linear space of all semiclassical pseudodifferential oper-
ators on M of order m, and by Sm(M) the corresponding space of symbols, where m ∈ Z, h ∈ (0, 1].
In what follows, we shall write
Ψ−∞h (M) =
⋂
m∈Z
Ψmh (M), Ψ
m(M) := Ψm1 (M),
the latter being the linear space of ordinary pseudodifferential operators on M of order m. Similarly,
we write Op := Op1 for the ordinary quantization of non-semiclassical symbol functions.
The main result from Part I is a generalized equivariant semiclassical Weyl law that will be crucial
in our study of equivariant quantum ergodicity. To state it, assume that M carries an isometric
effective action of a compact connected Lie group G with principal orbits of dimension κ < n. Let
(1.1) be a Schro¨dinger operator on M with real-valued, smooth, G-invariant potential and Hamiltonian
function (1.4). Consider further the Peter-Weyl decomposition 1.2 of the left regular representation
of G on L2(M). Since the operator P (h) commutes with the left-regular G-representation on L2(M),
P (h)χ = P (h) ◦ Tχ = Tχ ◦ P (h). We then have the following2
Theorem 2.3 (Generalized equivariant semiclassical Weyl law, [24, Theorem 4.1]). Let β ∈(
0, 12κ+4
)
and choose an operator B ∈ Ψ0h(M) ⊂ B(L2(M)) with principal symbol represented by
b ∈ S0(M) and a semiclassical character family {Wh}h∈(0,1] with growth rate ϑ < 1−(2κ+4)β2κ+3 . Write
J(h) :=
{
j ∈ N : Ej(h) ∈ [c, c+ hβ ], χj(h) ∈ Wh
}
,
where χj(h) ∈ Ĝ is defined by uj(h) ∈ L2χj(h)(M). Then, one has in the semiclassical limit h→ 0
(2pi)n−κhn−κ−β
#Wh
∑
J(h)
〈Buj(h), uj(h)〉L2(M)
dχj(h) [piχj(h)|H : 1]
=
ˆ
Σc∩Ωreg
b
dµc
volO
+ O
(
hβ + h
1−(2κ+3)ϑ
2κ+4 −β
(
log h−1
)Λ−1 )
.
Remark 2.4. The integral in the leading term can be written as
´
Σ˜c
〈˜b〉G dΣ˜c. In case that M˜ is an
orbifold, it is given by an integral over the orbifold bundle S∗p˜,c(M˜) :=
{
(x, ξ) ∈ T ∗M˜ : p˜(x, ξ) = c
}
,
compare Remark 4.2 of Part I.
The proof of Theorem 2.3 relies on a semiclassical calculus for h-dependent functions developed in
[23], and the description of the asymptotic behavior of certain oscillatory integrals that are locally of
the form
I(µ) =
ˆ
T∗U
ˆ
G
eiµΦ(x,ξ,g)aµ(x, ξ, g) dg d (T
∗U) (x, ξ), µ→ +∞,
where (γ, U) denotes a local chart, dg normalized Haar measure on G, d(T ∗U) the canonical volume
form on T ∗U , aµ ∈ C∞c (T ∗U × G) is an amplitude that might depend on the parameter µ> 0 such
that (x, ξ, g) ∈ supp aµ implies g · x ∈ U , and
(2.6) Φ(x, ξ, g) := 〈γ(x)− γ(g · x), ξ〉 .
The major difficulty here resides in the fact that, unless the G-action on T ∗M is free, the critical
set of the phase function Φ is not a smooth manifold. The stationary phase theorem can therefore
not immediately be applied to the integrals I(µ). Nevertheless, it was shown in [30, 31] that by
constructing a partial desingularization of the critical set, and applying the stationary phase theorem
in the resolution space, an asymptotic description of I(µ) can be obtained.
2 For the precise definition of all relevant measures, the reader is referred to Section 2.4 of Part I.
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3. Symmetry-reduced classical ergodicity
We begin now with our study of ergodicity, and first turn to the examination of classical ergodicity
in the presence of symmetries within the framework of symplectic reduction. As we already mentioned,
the latter is based on the fundamental fact that the presence of conserved quantities or first integrals
of motion leads to the elimination of variables, and reduces the given configuration space with its
symmetries to a lower-dimensional one, in which the degeneracies and the conserved quantitites have
been eliminated. In particular, the Hamiltonian flows associated to G-invariant Hamiltonians give
rise to corresponding reduced Hamiltonian flows on the different symplectic strata of the reduction.
Therefore, the concept of ergodicity can be studied naturally in the context of symplectic reduction,
leading to a symmetry-reduced notion of ergodicity.
Recall that, in general, a measure-preserving transformation T : X→ X on a finite measure space
(X, µ) is called ergodic if T−1(A) = A implies µ(A) ∈ {0, µ(X)} for every measurable set A ⊂ X.
Consider now a connected, symplectic manifold (X, ω) with a global Hamiltonian action of a Lie group
G, and let J : X → g∗, J(η)(X) = JX(η) be the corresponding momentum map. As already noted
in Section 2.1, for each X ∈ g the function JX is a conserved quantity for any G-invariant function
p ∈ C∞(X,R), so that {JX , p} = 0. This implies that for any value µ of J, the fiber J−1({µ}) is invariant
under the Hamiltonian flow of p, which means that J fulfills Noether’s condition. In particular, if c ∈ R
is a regular value of p and Σc := p
−1({c}), the pre-image under J of any open proper subset in J(Σc)
will be an open proper subset in Σc that is invariant under the Hamiltonian flow of p, so the latter
cannot be ergodic with respect to the induced Liouville measure on Σc, unless G is trivial.
Let now p and µ be fixed, K ⊂ G an isotropy group of the G-action on X, and η ∈ J−1({µ}). With
the notation as in Section 2.1, let c ∈ R, and put Σ˜(K)µ,c := (p˜(K)µ )−1({c}). Let g˜ be a Riemannian
metric on Ω˜
(K)
µ and J : T Ω˜(K)µ → T Ω˜(K)µ the almost complex structure determined by ω˜(K)µ and g˜, so
that (Ω˜
(K)
µ ,J , g˜) becomes an almost Hermitian manifold. We then make the following
Assumption 1. c is a regular value of p˜
(K)
µ .
Note that this assumption is implied by the condition that for all ξ ∈ J−1({µ})∩Gµ ·XηK ∩Σc one
has
Hp(ξ) /∈ gµ · ξ,
where gµ denotes the Lie algebra of Gµ. Indeed, assume that there exists some [ξ] ∈ Σ˜(K)µ,c such that
grad p˜
(K)
µ ([ξ]) = 0. Since
ω˜(K)µ (s-grad p˜
(K)
µ ,X) = dp˜
(K)
µ (X) = g˜(grad p˜
(K)
µ ,X),
we infer that H
p˜
(K)
µ
([ξ]) = s-grad p˜
(K)
µ ([ξ]) = 0, which means that [ξ] ∈ Σ˜(K)µ,c is a stationary point for
the reduced flow, so that ϕ˜µt ([ξ]) = [ξ] for all t ∈ R. By (2.1), this is equivalent to
pi(K)µ ◦ ϕt ◦ ι(K)µ (ξ′) = ϕ˜µt ([ξ]) ∀ t ∈ R, ξ′ ∈ Gµ · ξ,
which in turn is equivalent to ϕt ◦ ι(K)µ (ξ′) ∈ Gµ · ξ′. Thus, there exists a Gµ-orbit in J−1({µ}) ∩Gµ ·
XηK ∩ Σc which is invariant under ϕt. In particular one has Hp(ξ′) ∈ gµ · ξ′ for all ξ′ ∈ Gµ · ξ.
Assumption 1 ensures that Σ˜
(K)
µ,c is a smooth submanifold of Ω˜
(K)
µ . Equipping Ω˜
(K)
µ with the sym-
plectic volume form defined by the unique symplectic form on Ω˜
(K)
µ described in Section 2.1, there
is a unique induced hypersurface measure ν
(K)
µ,c on Σ˜
(K)
µ,c , see Lemma A8 of Part I. Moreover, ν
(K)
µ,c is
invariant under the reduced flow ϕ˜µt , since the latter constitutes a symplectomorphism due to Cartan’s
homotopy formula. Suppose now that the hypersurface Σ˜
(K)
µ,c has finite volume with respect to the
measure ν
(K)
µ,c . It is then natural to make the following
Definition 3.1. The reduced flow ϕ˜µt is called ergodic on Σ˜
(K)
µ,c if for any measurable subset E ⊂ Σ˜(K)µ,c
with ϕ˜µt (E) = E one has
ν(K)µ,c (E) = 0 or ν
(K)
µ,c (E) = ν
(K)
µ,c (Σ˜
(K)
µ,c ).
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We can now formulate
Theorem 3.1 (Symmetry-reduced mean ergodic theorem). Let Assumption 1 above be fulfilled,
and suppose that Σ˜
(K)
µ,c has finite volume with respect to its hypersurface measure ν
(K)
µ,c , and that the
reduced flow ϕ˜µt is ergodic on Σ˜
(K)
µ,c . Then, for each f ∈ L2
(
Σ˜
(K)
µ,c , dν
(K)
µ,c
)
we have
〈f〉T T→∞−→
1
ν
(K)
µ,c (Σ˜
(K)
µ,c )
ˆ
Σ˜
(K)
µ,c
f dν(K)µ,c
with respect to the norm topology of L2
(
Σ˜
(K)
µ,c , dν
(K)
µ,c
)
, where
〈f〉T ([µ]) :=
1
T
ˆ T
0
f (ϕ˜µt ([µ])) dt, [µ] ∈ Σ˜(K)µ,c .
Proof. The proof is completely analogous to the existing proofs of the classical mean ergodic theorem,
compare e.g. [45, Theorem 15.1]. 
In all what follows, we shall apply the general results outlined above to the case where X = T ∗M
with M and G as in the introduction, µ = 0, K = H is given by a principal isotropy group, and p is
the Hamiltonian function (1.4). We shall then use the simpler notation
Ω˜reg = Ω˜
(H)
0 , ϕ˜t = ϕ˜
0
t , Σ˜c = Σ˜
(H)
0,c , dΣ˜c = dν
(H)
0,c , p˜ = p˜
(H)
0 .
As a special case of Theorem 3.1 we get the following
Theorem 3.2. Suppose that the reduced flow ϕ˜t is ergodic on
(
Σ˜c, dΣ˜c
)
. Then for each f ∈ L2(Σ˜c, dΣ˜c),
lim
T→∞
ˆ
Σ˜c
(
〈f〉T −
 
Σ˜c
f dΣ˜c
)2
dΣ˜c = 0.
Remark 3.3. Note that if M˜ is an orbifold, the ergodicity of the reduced flow ϕ˜t on
(
Σ˜c, dΣ˜c
)
is
equivalent to the ergodicity of the corresponding Hamiltonian flow on the orbifold bundle S∗p˜,c(M˜) ={
(x, ξ) ∈ T ∗(M˜) : p˜(x, ξ) = c
}
with respect to Liouville measure.
Next, we examine the relation between classical time evolution and symmetry reduction. Let a ∈
C∞(T ∗M). For a G-equivariant diffeomorphism Φ : T ∗M → T ∗M , we have
〈a ◦ Φ〉G (η) =
ˆ
G
a(Φ(g · η)) dg =
ˆ
G
a(g · Φ(η)) dg = 〈a〉G (Φ(η)),
so that 〈a ◦ Φ〉G = 〈a〉G ◦ Φ and consequently (〈a ◦ Φ〉G)˜ = (〈a〉G ◦ Φ)˜ holds. Now, we apply this
result to the case Φ = ϕt, where ϕt is the Hamiltonian flow associated to the symbol function p of the
Schro¨dinger operator. If i : Ωreg ↪→ T ∗M denotes the inclusion and pi : Ωreg → Ω˜reg the projection
onto the G-orbit space, we have pi ◦ ϕt ◦ i = ϕ˜t ◦ pi. Since
〈a〉G ◦ ϕt ◦ i = (〈a〉G ◦ ϕt)˜ ◦ pi, 〈a〉G ◦ i = 〈˜a〉G ◦ pi, we get
〈˜a〉G ◦ ϕ˜t ◦ pi = 〈˜a〉G ◦ pi ◦ ϕt ◦ i = 〈a〉G ◦ i ◦ ϕt ◦ i = 〈a〉G ◦ ϕt ◦ i = (〈a〉G ◦ ϕt)˜ ◦ pi,
where we used that i ◦ ϕt ◦ i = ϕt ◦ i. Since pi is surjective, we have shown
Lemma 3.4. Let a ∈ C∞(T ∗M) and ϕt be the flow on T ∗M associated to the Hamiltonian p. Let ϕ˜t
be the reduced flow on Ω˜reg associated to p˜. Then time evolution and reduction commute:
(〈a〉G ◦ ϕt)˜ = 〈˜a〉G ◦ ϕ˜t.
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4. Equivariant quantum ergodicity
We are now ready to formulate our first quantum ergodic theorem in a symmetry-reduced context.
Let the notation be as in the previous sections.
Theorem 4.1 (Integrated equivariant quantum ergodicity). Suppose that the reduced flow ϕ˜t
corresponding to the reduced Hamiltonian function p˜ is ergodic on Σ˜c = p˜
−1({c}). Let A ∈ Ψ0h(M)
be a semiclassical pseudodifferential operator with principal symbol σ(A) = [a], where a ∈ S0(M) is
independent of h. For a number β ∈ (0, 12κ+4) and a semiclassical character family {Wh}h∈(0,1] with
growth rate ϑ < 1−(2κ+4)β2κ+3 set
J(h) := {j ∈ N : Ej(h) ∈ [c, c+ hβ ], χj(h) ∈ Wh},
where χj(h) is defined by uj(h) ∈ L2χj(h)(M). Then, one has
(4.1) lim
h→0
hn−κ−β
#Wh
∑
J(h)
1
dχj(h)[piχj(h)|H : 1]
∣∣∣ 〈Auj(h), uj(h)〉L2(M) −  
Σc∩Ωreg
a
dµc
volO
∣∣∣2 = 0,
Remark 4.2. Again, the integral in (4.1) can also we written as
ffl
Σ˜c
〈˜a〉G dΣ˜c, and if M˜ is an orbifold,
it can be written as an integral over S∗p˜,c(M˜), compare Remark 2.4.
Proof. We shall adapt the existing proofs of quantum ergodicity to the equivariant situation, following
mainly [45, Theorem 15.4]. Let us write uj(h) = uj and Ej(h) = Ej , and % ∈ C∞c (R, [0, 1]) be such
that % ≡ 1 in a neighbourhood of c. Without loss of generality we may assume for the rest of the proof
that h is small enough so that % ≡ 1 on [c, c+ hβ ]. Set
(4.2) B := %(P (h)) ◦ (A− α1L2(M)) , α :=  
Σc∩Ωreg
a
dµc
volO
=
 
Σ˜c
〈˜a〉G dΣ˜c,
where 〈˜a〉G was defined in (1.5). Note that by the semiclassical calculus we have B ∈ Ψ−∞h (M).
Furthermore,
σ(B) = (% ◦ σ(P (h)))σ (A− α1L2(M)) = [(% ◦ p) (a− α 1T∗M )] ∈ S−∞(M)/hS−∞(M),
see Section 2.1 of Part I. Let us write b := (% ◦ p) (a− α 1T∗M ), so that σ(B) = [b]. Clearly,
(4.3) 〈˜b〉G = ((% ◦ p) (〈a〉G − α 1T∗M ))˜ = (% ◦ p˜) (〈a〉G − α 1T∗M )˜ = (% ◦ p˜)
(
〈˜a〉G − α 1Ω˜reg
)
.
Next, we define
(4.4) L(h) := (2pi)
n−κhn−κ−β
#Wh
∑
J(h)
1
dχj(h)[piχj(h)|H : 1]
∣∣∣ 〈Buj , uj〉L2(M) ∣∣∣2.
By the spectral theorem, %(P (h))uj = uj for Ej ∈ [c, c + hβ ], since % ≡ 1 on [c, c + hβ ]. Taking into
account the self-adjointness of %(P (h)) one sees that for Ej ∈ [c, c+ hβ ]
(4.5) 〈Buj , uj〉L2(M) = 〈Auj , uj〉L2(M) − α.
Consequently, we will be done with the proof if we can show that
(4.6) lim
h→0
L(h) = 0.
In order to do so, one considers the time evolution operator
Fh(t) : L2(M)→ L2(M), Fh(t) := e−itP (h)/h, t ∈ R,
which by Stone’s theorem [42, Section XI.13] is a well-defined bounded operator. One then sets
B(t) := Fh(t)−1BFh(t).
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In order to make use of classical ergodicity, one notes that the expectation value
〈Buj , uj〉L2(M) =
〈
Be−itEj/huj , e−itEj/huj
〉
L2(M)
=
〈
Be−itP (h)/huj , e−itP (h)/huj
〉
L2(M)
= 〈B(t)uj , uj〉L2(M) , t ∈ [0, T ],
is actually time-independent. This implies for each T > 0
〈Buj , uj〉L2(M) = 〈〈B〉T uj , uj〉L2(M) ,
where we set 〈B〉T = 1T
´ T
0
B(t)dt ∈ Ψ−∞h (M). Taking into account ‖uj‖2L2(M) = 1 and the Cauchy-
Schwarz inequality one arrives at∣∣∣〈Buj , uj〉L2(M)∣∣∣2 ≤ ‖〈B〉T uj‖2L2(M) .
We therefore conclude from (4.4) for each T > 0 that
(4.7) L(h) ≤ (2pi)
n−κhn−κ−β
#Wh
∑
J(h)
1
dχj(h)[piχj(h)|H : 1]
〈〈B∗〉T 〈B〉T uj , uj〉L2(M) .
Next, let B(t) be an element in Ψ−∞h (M) with principal symbol σ(B) ◦ ϕt. By the weak Egorov
theorem [45, Theorem 15.2] one has∥∥B(t)−B(t)∥∥B(L2(M)) = O(h) uniformly for t ∈ [0, T ],
which implies
(4.8) 〈B〉T =
〈
B
〉
T
+ OTB(L2(M))(h).
From the definition of B we get
σ
(〈
B
〉
T
)
=
[
1
T
ˆ T
0
b ◦ ϕt dt
]
.
Furthermore, the symbol map is a ∗-algebra homomorphism from Ψ−∞h (M) to S−∞(M)/hS−∞(M),
with involution given by the adjoint operation and pointwise complex conjugation, respectively. That
leads to
σ
(〈
B
∗〉
T
〈
B
〉
T
)
=
[ ∣∣∣ 1
T
ˆ T
0
b ◦ ϕt dt
∣∣∣2 ].
Now, note that by Lemma 3.4
(4.9)
〈
1
T
ˆ T
0
b ◦ ϕt dt
〉˜
G
=
1
T
ˆ T
0
(〈b〉G ◦ ϕt)˜ dt =
1
T
ˆ T
0
〈˜b〉G ◦ ϕ˜t dt = 〈〈˜b〉G〉T ,
which is where the transition from the flow ϕt to the reduced flow ϕ˜t takes place. We can then apply
the generalized equivariant Weyl law, Theorem 2.3, which together with (4.9) yields
(2pi)n−κhn−κ−β
#Wh
∑
J(h)
1
dχj(h)[piχj(h)|H : 1]
〈〈
B
∗〉
T
〈
B
〉
T
uj , uj
〉
L2(M)
=
ˆ
Σ˜c
|〈〈˜b〉G〉T |2 dΣ˜c + O
(
hβ + h
1−(2κ+3)ϑ
2κ+4 −β(log h−1)Λ−1
)
.
(4.10)
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From (4.3) we see that over Σ˜c = p˜
−1({c}) we have 〈˜b〉G|Σ˜c = 〈˜a〉G|Σ˜c −α ·1Σ˜c =: b˜c. With (4.7), (4.8)
and (4.10) we deduce for each T > 0
L(h) ≤
ˆ
Σ˜c
|〈˜bc〉T |2 dΣ˜c + O
(
hβ + h
1−(2κ+3)ϑ
2κ+4 −β(log h−1)Λ−1
)
+
hn−κ−β
#Wh
∑
J(h)
1
dχj(h)[piχj(h)|H : 1]
 ·O(h).
By Theorem 2.3, the factor in front of the O(h)-remainder is convergent and therefore bounded as
h→ 0. Moreover, the number ´
Σ˜c
|〈˜bc〉T |2 dΣ˜c is independent of h, as we assume that a is independent
of h. Thus,
(4.11) lim sup
h→0
L(h) ≤
ˆ
Σ˜c
|〈˜bc〉T |2 dΣ˜c ∀ T > 0.
This is now the point where symmetry-reduced classical ergodicity is used. Since b˜c fulfills
ffl
Σ˜c
b˜c dΣ˜c =
0, Theorem 3.2 yields limT→∞
´
Σ˜c
|〈˜bc〉T |2dΣ˜c = 0. Because the left hand side of (4.11) is independent
of T , it follows that it must be zero, yielding (4.6). 
Remark 4.3. Note that one could have still exhibited the Weyl law remainder estimate in (4.11). But
since the rate of convergence in Theorem 3.2 is unknown in general, it is not possible to give a re-
mainder estimate in Theorem 4.1 with the methods employed here. Nevertheless, in certain dynamical
situations, the rate could probably be made explicit.
In the special case of a constant semiclassical character family, corresponding to the study of a
single fixed isotypic component, we obtain as a direct consequence
Theorem 4.4 (Integrated equivariant quantum ergodicity for single isotypic components).
Suppose that the reduced flow ϕ˜t corresponding to the reduced Hamiltonian function p˜ is ergodic on
Σ˜c := p˜
−1({c}). Let A ∈ Ψ0h(M) be a semiclassical pseudodifferential operator with principal symbol
σ(A) = [a], where a ∈ S0(M) is independent of h. Choose β ∈ (0, 12κ+4) and χ ∈ Ĝ. Then, one has
(4.12) lim
h→0
hn−κ−β
∑
Jχ(h)
∣∣∣ 〈Auj(h), uj(h)〉L2(M) −  
Σc∩Ωreg
a
dµc
volO
∣∣∣2 = 0,
where
(4.13) Jχ(h) :=
{
j ∈ N : Ej(h) ∈ [c, c+ hβ ], uj(h) ∈ L2χ(M)
}
.
Remark 4.5. A weaker version of Theorem 4.4 can be proved with a less sharp energy localization
in an interval [r, s] with r < s by the same methods employed here. In fact, under the additional
assumption that the mean value α introduced in (4.2) is the same for all c ∈ [r, s] and all considered c
are regular values of p, the reduced flow being ergodic on each of the contemplated hypersurfaces Σ˜c,
one can show that
(4.14) lim
h→0
hn−κ
∑
j∈N:uj(h)∈L2χ(M),
Ej(h)∈[r,s]
∣∣∣ 〈Auj(h), uj(h)〉L2(M) −  
p−1([r,s])∩Ωreg
a
dΩreg
volO
∣∣∣2 = 0.
The proof of this relies on a corresponding semiclassical Weyl law for the interval [r, s] and a single
isotypic component, see Remark 4.4 of Part I. The point is that for the weaker statement (4.14) a
remainder estimate of order o(hn−κ) is sufficient in Weyl’s law, since the rate of convergence in (4.14)
is the one of the leading term. Thus, in principle, this weaker result could have also been obtained using
heat kernel methods as in [11] or [7] adapted to the semiclassical setting, at least for the Laplacian.
Nevertheless, for the stronger version proved in Theorem 4.4, remainder estimates of order O(hn−κ−β)
in Weyl’s law and in particular the results of [30] are necessary.
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In what follows, we shall use our previous results to prove our main result, a symmetry-reduced
quantum ergodicity theorem for Schro¨dinger operators.
Theorem 4.6 (Equivariant quantum ergodicity for Schro¨dinger operators). With the notation
and assumptions as in Theorem 4.1, there is a h0 ∈ (0, 1] such that for each h ∈ (0, h0] we have a
subset Λ(h) ⊂ J(h) satisfying
(4.15) lim
h→0
#Λ(h)
#J(h)
= 1
such that for each semiclassical pseudodifferential operator A ∈ Ψ0h(M) with principal symbol σ(A) =
[a], where a is h-independent, the following holds. For all ε > 0 there is a hε ∈ (0, h0] such that
(4.16)
1√
dχj(h)[piχj(h)|H : 1]
∣∣∣ 〈Auj(h), uj(h)〉L2(M) −  
Σc∩Ωreg
a
dµc
volO
∣∣∣ < ε ∀ j ∈ Λ(h), ∀h ∈ (0, hε],
where the integral in (4.16) equals
ffl
Σ˜c
〈˜a〉G dΣ˜c.
Proof. Again, this proof is an adaptation of existing proofs like [45, Theorem 15.5] to the equivariant
setting, only that we do not need the technical condition that the value of the integral
ffl
Σ˜c
a˜ dΣ˜c must
stay the same when varying c in some interval, which slightly simplifies the proof.
Write uj(h) = uj and Ej(h) = Ej . By Theorem 2.3 we can choose a h0 ∈ (0, 1] such that J(h) 6= ∅
for all h ∈ (0, h0], and suppose that h ∈ (0, h0]. With the notation as in (1.5), we set for any smooth
function s on T ∗M
α(s) :=
 
Σ˜c
〈˜s〉G dΣ˜c.
Let τ ∈ C∞c (R, [0, 1]) be such that τ ≡ 1 in a neighbourhood of c. Without loss of generality, we
assume for the rest of the proof that h0 is small enough so that τ ≡ 1 on [c, c + hβ0 ]. Now, for any
operator A as in the statement of the theorem set
B := A− α(a) τ (P (h)) .
By the semiclassical calculus we know that the principal symbol of B is given by σ(B) = [b] with
b := a − α(a) τ ◦ p. Clearly, α(b) = 0, since τ ◦ p˜ ≡ 1 on Σ˜c. Let us now assume that the statement
of the theorem holds for all operators A with α(a) = 0. Then, there is a sequence of subsets Λ(h) of
density 1 such that for all ε > 0 there is a hε ∈ (0, h0] such that
(4.17)
1√
dχj(h)[piχj(h)|H : 1]
∣∣∣〈Buj , uj〉L2(M)∣∣∣ < ε ∀h ∈ (0, hε], ∀ j ∈ Λ(h).
Due to the choice of the function τ we have τ (P (h)) (uj) = uj for all uj with Ej ∈ [c, c + hβ ].
Consequently, (4.17) implies that for all ε > 0 there is hε ∈ (0, h0] such that
1√
dχj(h)[piχj(h)|H : 1]
∣∣∣〈Auj , uj〉L2(M) − α(a)∣∣∣ < ε ∀h ∈ (0, hε], ∀ j ∈ Λ(h),
and we obtain the statement of the theorem for general A. We are therefore left with the task of
proving (4.17) for arbitrary operators B with α(b) = 0, and shall proceed in a similar fashion to parts
1 - 5 of the proof of [45, Theorem 15.5], pointing out only the main arguments. By Theorem 4.1 we
have for fixed B
hn−κ−β
#Wh
∑
j∈J(h)
∣∣〈Buj , uj〉L2(M)∣∣2
dχj(h)[piχj(h)|H : 1]
=: r(h)→ 0
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as h→ 0. One then defines for h ∈ (0, h0] the B-dependent subsets
Λ(h) := J(h)− Γ(h), Γ(h) :=
{
j ∈ J(h) : |〈Buj , uj〉L2(M)|
2
dχj(h)[piχj(h)|H : 1]
≥
√
r(h)
}
.
Clearly,
#Γ(h) ≤
∑
j∈J(h)
|〈Buj , uj〉L2(M)|2
dχj(h)[piχj(h)|H : 1]
√
r(h)
=
#Wh
√
r(h)
hn−κ−β
,
and taking B = 1 in Theorem 2.3 one computes
#Γ(h)
#J(h)
≤ #Wh
√
r(h)
hn−κ−β
∑
j∈J(h)(dχj(h)[piχj(h)|H : 1])−1
=
√
r(h)
(2pi)κ−n
´
Σ˜c
〈˜b〉G dΣ˜c + O
(
hβ + h
1−(2κ+3)ϑ
2κ+4 −β (log h−1)Λ−1
) −→ 0.
On the other hand,
1√
dχj(h)[piχj(h)|H : 1]
∣∣∣〈Buj , uj〉L2(M)∣∣∣ < r(h)1/4 ∀ j ∈ Λ(h),
yielding (4.17) for these particular Λ(h) and B.
Consider now a family {Ak}k∈N of semiclassical pseudodifferential operators in Ψ0h(M) with principal
symbols represented by h-independent symbol functions. By our previous considerations, for each k
there is a sequence of subsets Λk(h) ⊂ J(h) such that (4.15) and (4.16) hold for each particular Ak
and Λk(h). One then shows that for sufficiently small h there is a sequence of subsets Λ∞(h) ⊂ J(h)
of density 1 such that Λk(h) ⊂ Λ∞(h) for each k. Hence, the theorem is true for countable families
of operators. To obtain it for all operators in Ψ−∞h (M), it suffices to find a sequence of operators
{Ak}k∈N which is dense in the set of operators in Ψ−∞h (M) whose principal symbol is represented by
an h-independent symbol function, in the sense that for any given A ∈ Ψ−∞h (M) of the mentioned
form and any ε > 0 there exists a k such that
‖A−Ak‖L2(M)→L2(M) < ε,
 
Σ˜c
˜〈a− ak〉G dΣ˜c < ε
for sufficiently small h. To find such a sequence {Ak}k∈N ⊂ Ψ−∞h (M), note that for two symbol
functions a and b and the corresponding semiclassical quantizations A and B, one has
‖A−B‖L2(M)→L2(M) ≤ ‖a− b‖L∞(T∗M) + C
√
h,
 
Σ˜c
〈˜a− b〉G dΣ˜c ≤ C‖a− b‖L∞(T∗M).
Consequently, we only need to find a sequence of h-independent symbol functions that is dense in
S−∞(M) equipped with the L∞-norm. That such a sequence exists follows directly from the facts
that C∞c (T
∗M) is L∞-norm dense in the Banach space C0(T ∗M) ⊃ S−∞(M) of continuous functions
vanishing at infinity, and that C∞c (T
∗M) is separable. This proves the theorem for operators A
in Ψ−∞h (M) with principal symbol represented by an h-independent symbol function. Finally, if
A ∈ Ψ0h(M) is a general operator with principal symbol represented by an h-independent symbol
function, one multiplies A with the smoothing operator %(P (h)), where % ∈ C∞c (R) equals 1 near c.
This completes the proof of the theorem. 
Again, in the special case that Wh = {χ} for all h ∈ (0, 1] and some fixed χ ∈ Ĝ, we obtain
Theorem 4.7 (Equivariant quantum ergodicity for Schro¨dinger operators and single iso-
typic components). With the notation and assumptions as in Theorem 4.4, let χ ∈ Ĝ, β ∈ (0, 12κ+4)
be fixed, and let Jχ(h) be as in (4.13). Then, there is a h0 ∈ (0, 1] such that for each h ∈ (0, h0] we
SEMICLASSICAL ANALYSIS AND SYMMETRY REDUCTION II 21
have a subset Λχ(h) ⊂ Jχ(h) satisfying limh→0 #Λ
χ(h)
#Jχ(h) = 1 such that for each semiclassical pseudodif-
ferential operator A ∈ Ψ0h(M) with principal symbol σ(A) = [a] the following holds. For all ε > 0 there
is a hε ∈ (0, h0] such that∣∣∣ 〈Auj(h), uj(h)〉L2(M) −  
Σc∩Ωreg
a
dµc
volO
∣∣∣ < ε ∀ j ∈ Λχ(h), ∀h ∈ (0, hε].
5. Equivariant quantum limits for the Laplace-Beltrami operator
5.1. Eigenfunctions of the Laplace-Beltrami operator. We shall now apply the semiclassical
results from the previous section to study the distribution of eigenfunctions of the Laplace-Beltrami
operator on a compact connected Riemannian G-manifold M without boundary in the limit of large
eigenvalues, G being a compact connected Lie group acting isometrically and effectively on M , with
principal orbits of dimension κ < n = dimM . Let ∆ be the unique self-adjoint extension of the Laplace-
Beltrami operator ∆˘ on M , and choose an orthonormal basis {uj}j∈N of L2(M) of eigenfunctions of
−∆ with corresponding eigenvalues {Ej}j∈N, repeated according to their multiplicity. Consider further
the Schro¨dinger operator P (h) given by (1.1) with V ≡ 0 and principal symbol defined by the symbol
function p = ‖·‖2T∗M . Clearly, P (h) = −h2∆, and each uj is an eigenfunction of P (h) with eigenvalue
Ej(h) = h
2Ej . Furthermore, under the identification T
∗M ' TM given by the Riemannian metric,
the Hamiltonian flow ϕt induced by p corresponds to the geodesic flow of M . Each c > 0 is a regular
value of p, and since V ≡ 0 the dynamics of the reduced geodesic flow ϕ˜t are equivalent on any two
hypersurfaces Σ˜c and Σ˜c′ . In the following, we shall therefore choose c = 1 without loss of generality,
and call the reduced geodesic flow ergodic if it is ergodic on Σ˜1 = p˜
−1({1}). The following construction
will allow a simpler formulation of the subsequent theorems.
Definition 5.1. Let {aj}j∈N be a non-decreasing unbounded sequence of positive real numbers. For
β > 0, the partition of {aj}j∈N of order β is the non-decreasing sequence P = {P(j)}j∈N ⊂ N defined
as follows. Consider the subsequence {jk}k∈N ⊂ N of indices given by the inductive rule
j1 = 1, jk+1 := min
{
j ∈ N : ajk(1 + a−β/2jk ) < aj
}
.
Then, P(j) := jk, where jk is uniquely defined by ajk ≤ aj < ajk+1 .
Example 5.1. If aj = Ej = j(j + 1), the j-th eigenvalue of the Laplacian on the standard 2-sphere S
2,
then the partition of {Ej}j∈N of order 16 is given by
{jk}k∈N = {1, 2, 3, 5, 7, 10, 14, . . .}, {P(j)}j∈N = {1, 2, 3, 3, 5, 5, 7, 7, 7, 10, 10, 10, 10, 14, . . .}.
We are now prepared to state and prove an equivariant version of the classical Shnirelman-Zelditch-
Colin-de-Verdie`re quantum ergodicity theorem [35, 43, 10]. In the special case that M˜ = M/G is an
orbifold, a similar statement has been proved by Kordyukov [21] for the trivial isotypic component.
Theorem 5.2 (Equivariant quantum limits for the Laplacian). With the notation as above,
assume that the reduced geodesic flow is ergodic. Choose a semiclassical character family {Wh}h∈(0,1]
of growth rate ϑ < 12κ+3 and a partition P of {Ej}j∈N of order β ∈
(
0, 1−(2κ+3)ϑ2κ+4
)
. Define the set of
eigenfunctions {
uW,Pi
}
i∈N :=
{
uj : χj ∈ WE−1/2P(j)
}
,
where χj is defined by uj ∈ L2χj (M). Then, there is a subsequence
{
uW,Pik
}
k∈N of
3 density 1 in{
uW,Pi
}
i∈N such that for all s ∈ C∞(S∗M) one has
(5.1)
1√
dχik [piχik |H : 1]
∣∣∣ 〈Op(s)uW,Pik , uW,Pik 〉L2(M) −
 
S∗M∩Ωreg
s
dµ
volO
∣∣∣ −→ 0 as k →∞,
where we wrote µ for µ1.
3 The expression of density 1 means that limm→∞#{k : ik ≤ m}/m = 1.
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Remark 5.3. The integral in (5.1) can also be written as
ffl
S∗M˜reg
s′ d(S∗M˜reg), where s′ ∈ C∞(S∗M˜reg)
is the function corresponding to 〈˜s〉G under the diffeomorphism Σ˜1 ' S∗M˜reg up to a null set, and
d(S∗M˜reg) is the Liouville measure on the unit co-sphere bundle, see Lemma 2.2, Corollary A.3 and
Remark A.11 from Part I. In the orbifold case, this integral is given by an integral over the orbifold
co-sphere bundle S∗M˜ .
Proof. First, we extend s to a function s ∈ S0(M) ⊂ C∞(T ∗M) with s|S∗M = s as follows. Set
ŝ(x, ξ) := s(x, ξ/ ‖ξ‖x) for x ∈M , ξ ∈ T ∗xM−{0}. Choose a small δ > 0 and a smooth cut-off function
ϕ : T ∗M → [0, 1] with
ϕ(x, ξ) = 1 ∀x ∈M, ∀ ξ ∈ T ∗xM with ‖ξ‖x ≥ 1− δ,
ϕ(x, ξ) = 0 ∀x ∈M, ∀ ξ ∈ T ∗xM with ‖ξ‖x ≤ δ.
Now set s(x, ξ) := ϕ(x, ξ)·ŝ(x, ξ) for ξ ∈ T ∗xM−{0} and s(x, 0) := 0. Then Op(s) is a pseudodifferential
operator in Ψ0(M). Because s is polyhomogenous of degree 0 and therefore independent of |ξ| for large
ξ, the ordinary non-semiclassical quantization Op(s) differs only by an operator in h∞Ψ−∞h (M) from
the semiclassical pseudodifferential operator Oph(s) ∈ Ψ0h(M) with principal symbol σ(Oph(s)) = [s].
Thus, we can apply Theorem 4.6 to P (h) = −h2∆, and we are allowed to replace Oph(s) by Op(s) in
the results. Fix some β ∈ (0, 1−(2κ+3)ϑ2κ+4 ). With c = 1 and Ej(h) = h2Ej one has
J(h) = {j ∈ N : Ej(h) ∈ [c, c+ hβ ], χj(h) ∈ Wh} =
{
j ∈ N : Ej ∈
[
1
h2
,
1
h2
+
1
h2−β
]
, χj ∈ Wh
}
.
Now, by Theorem 4.6, there is a number h0 ∈ (0, 1] together with subsets Λ(h) ⊂ J(h), h ∈ (0, h0],
satisfying
(5.2) lim
h→0
#Λ(h)
#J(h)
= 1,
and for each s ∈ C∞(S∗M) and arbitrary ε > 0 there is a hε ∈ (0, h0] such that
(5.3)
1√
dχj [piχj |H : 1]
∣∣∣ 〈Op(s)uj , uj〉L2(M) −  
Σ1∩Ωreg
a
dµ1
volO
∣∣∣ < ε ∀ j ∈ Λ(h), ∀h ∈ (0, hε].
Next, consider a partition P of {Ej}j∈N of order β with jk, P(j) as in Definition 5.1. Since there are
only finitely many eigenvalues Ej with h0 <
1√
Ej
there is a k0 ∈ N such that hk := 1√Ejk ≤ h0 for
all k ≥ k0. Let us apply the results above to the sequence {hk}k≥k0 . By construction, k 6= k′ implies
J(hk) ∩ J(hk′) = ∅ since
J(hk) =
{
j ∈ N : Ej ∈
[
Ejk , Ejk
(
1 + E
−β/2
jk
)]
, χj ∈ WE−1/2jk
}
=
{
j ∈ N : Ej ∈
[
Ejk , Ejk+1
)
, χj ∈ WE−1/2P(j)
}
.
Now, if (aq)q∈N and (bq)q∈N are sequences of real numbers such that 0 < aq ≤ bq for all q, and
lim infq→∞ bq > 0, limq→∞
aq
bq
= 1, the Stolz-Cesaro lemma implies that
lim
N→∞
∑N
q=1 aq∑N
q=1 bq
= 1.
Applied to our situation and taking into account that J(hk)∩J(hk′) = ∅ when k 6= k′ we deduce from
(5.2) that
(5.4) lim
N→∞
#
⋃N
k=k0
Λ(hk)
#
⋃N
k=k0
J(hk)
= lim
N→∞
∑N
k=k0
#Λ(hk)∑N
k=k0
#J(hk)
= 1.
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If we therefore set
J :=
⋃
k≥k0
J(hk) =
{
j ∈ N : 1√
Ej
≤ h0, χj ∈ WE−1/2P(j)
}
, Λ :=
⋃
k≥k0
Λ(hk),
we obtain from (5.4)
lim
N→∞
#{λ ∈ Λ : λ ≤ N}
#{j ∈ J : j ≤ N} = 1.
Consequently, {ik}k∈N := {j ∈ N : 1√
Ej
> h0, χj ∈ WE−1/2P(j) } ∪ Λ is a density 1 subsequence of
{j ∈ N : χj ∈ WE−1/2P(j) }. Now, by construction 〈˜s〉G|Σ˜1 = 〈˜s〉G, and by Lemma 2.2, Corollary A.3 and
Remark A.11 from Part I we have
 
Σ˜1
〈˜s〉G dΣ˜1 =
 
S∗M˜reg
s′ d(S∗M˜reg).
From (5.3) we therefore conclude that the sequence
{
uW,Pik
}
k∈N fulfills (5.1), completing the proof of
Theorem 5.2. 
Projecting from S∗M ∩ Ωreg onto M we obtain
Corollary 5.4 (Equidistribution of eigenfunctions of the Laplacian). In the situation of The-
orem 5.2, we have for any f ∈ C(M)
1√
dχik [piχik |H : 1]
∣∣∣ˆ
M
f |uW,Pik |2dM −
 
M
f
dM
volO
∣∣∣ −→ 0 as k →∞.
Proof. Let pi : T ∗M → M be the co-tangent bundle projection and consider for f ∈ C∞(M) the
pseudodifferential operator Op(f ◦ pi), which corresponds to pointwise multiplication with f up to
lower order terms. Since the Sasaki metric on T ∗M projects onto the Riemannian metric on M and
is fiber-wise just the Euclidean metric, and the Sasaki metric induces dµ, we have
 
S∗M∩Ωreg
f ◦ pi dµ
volO
=
 
M
f
dM
volO
,
see [22]. Consequently, the assertion follows directly from Theorem 5.2 by approximating continuous
functions on M by smooth functions. 
5.2. Limits of representations. Corollary 5.4 immediately leads to a statement about measures on
the topological Hausdorff space M˜ = M/G and to a representation-theoretic formulation of our results.
Corollary 5.5. In the situation of Theorem 5.2, we have for any f ∈ C(M˜)
1√
dχik [piχik |H : 1]
∣∣∣ ˆ
M˜
f
˜〈|uW,Pik |2〉GdM˜ −
 
M˜
f
dM˜
vol
∣∣∣ −→ 0 as k →∞.
Proof. Let f ∈ C(M˜), pi : M → M˜ be the canonical projection, and denote by f := f ◦ pi ∈ C(M)
the lift of f to a G-invariant function. With Equation (2.17) in Part I and Corollary A3 from the
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Appendix of Part I one deduces for any u ∈ C∞(M)ˆ
M
f(x)|u(x)|2 dM(x) =
ˆ
Mreg
f(x)|u(x)|2 dM(x) =
ˆ
M˜reg
ˆ
G·x
f(x′)|u(x′)|2 dµG·x(x′) dM˜reg(G · x)
=
ˆ
M˜reg
f(G · x)
ˆ
G·x
|u(x′)|2 dµG·x(x′) dM˜reg(G · x)
=
ˆ
M˜reg
f(G · x)vol (G · x)
ˆ
G
|u(g · x)|2 dg dM˜reg(G · x)
=
ˆ
M˜
f(G · x)〈˜|u|2〉G(G · x) dM˜(G · x),
as well as
ffl
M
f dMvolO =
ffl
M˜reg
f dM˜reg =
ffl
M˜
f dM˜vol . The claim now follows from Corollary 5.4. 
Next, let us state a simple fact from elementary representation theory.
Lemma 5.6. Let V ⊂ L2(M) be an irreducible G-module of class χ ∈ Ĝ. Let further {v1, . . . , vdχ}
denote an L2-orthonormal basis of V , and a ∈ V ∩ C∞(M) have L2-norm equal to 1. Then, for any
x ∈M ,
(5.5)
〈|a|2〉
G
(x) = d−1χ
dχ∑
k=1
|vk(x)|2.
In particular, the function
ΘV : M → R, x 7→ d−1χ
dχ∑
k=1
|vk(x)|2,
is a G-invariant element of C∞(M) that is independent of the choice of orthonormal basis, and the
left hand side of (5.5) is independent of the choice of a.
Proof. Since the left hand side of (5.5) is clearly G-invariant, smooth, and independent of the choice of
orthonormal basis, it suffices to prove (5.5). Now, one has a =
∑dχ
j=1 ajvj with aj ∈ C,
∑dχ
j=1 |aj |2 = 1,
and
(Lga)(x) = a(g
−1 · x) =
dχ∑
j=1
ajvj(g
−1 · x) =
dχ∑
j,k=1
ajcjk(g)vk(x), g ∈ G, x ∈M,
where {cjk}1≤j,k≤dχ denote the matrix coefficients of the G-representation on V . This yields
ˆ
G
|a(g−1 · x)|2 dg =
ˆ
G
a(g−1 · x)a(g−1 · x) dg =
ˆ
G
(
dχ∑
j,k=1
ajcjk(g)vk(x)
)(
dχ∑
l,m=1
alclm(g)vm(x)
)
dg,
and we obtain (5.5) by taking into account the Schur orthogonality relations [20, Corollary 1.10]ˆ
G
cjk(g)clm(g) dg = d
−1
χ δjlδkm,
and the fact that the substitution g 7→ g−1 leaves the Haar measure invariant. 
We can now restate Corollary 5.4 in representation-theoretic terms.
Theorem 5.7 (Representation-theoretic equidistribution theorem). Assume that the reduced
geodesic flow is ergodic. By the spectral theorem, choose an orthogonal decomposition L2(M) =
⊕
i∈N Vi
into irreducible unitary G-modules such that each Vi is contained in an eigenspace of the Laplace-
Beltrami operator corresponding to some eigenvalue Ej(i). Denote by χi ∈ Ĝ the class of Vi. Choose
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a semiclassical character family {Wh}h∈(0,1] of growth rate ϑ < 12κ+3 and a partition P of {Ej}j∈N of
order β ∈ (0, 1−(2κ+3)ϑ2κ+4 ). Define the set of irreducible G-modules{
VW,Pl
}
l∈N :=
{
Vi : χi ∈ WE−1/2P(j(i))
}
.
As in Lemma 5.6, assign to each VW,Pl the G-invariant function Θl := ΘVW,Pl : M → [0,∞), and
regard it as a function on M/G = M˜ . Then, there is a subsequence
{
VW,Plm
}
m∈N with
lim
N→∞
∑
lm≤N dχlm∑
i≤N dχi
= 1
such that for any f ∈ C(M˜)
1√
dχlm [piχlm |H : 1]
∣∣∣ˆ
M˜
f Θlm dM˜ −
 
M˜
f
dM˜
vol
∣∣∣ −→ 0 as m→∞,
where dM˜ := pi∗dM is the pushforward measure defined by the orbit projection pi : M → M/G = M˜
and vol : M˜ → (0,∞) assigns to an orbit its Riemannian volume.
Proof. Consider the set of eigenfunctions{
uW,Pi
}
i∈N =
{
uj : χj ∈ WE−1/2P(j)
}
from Theorem 5.2. For each l ∈ N one has VW,Pl = span
{
uW,Pi : i ∈ Jl
}
for a unique index set Jl
with #Jl = dχl . Without loss of generality, we can assume min(J1) = 1 and min(Jl+1) = max(Jl) + 1
for each l ∈ N. By Corollary 5.5, there is a subsequence {uW,Pik }k∈N of density 1 in {uW,Pi }i∈N such
that we have for any f ∈ C(M˜)
1√
dχik [piχik |H : 1]
∣∣∣ ˆ
M˜
f
˜〈|uW,Pik |2〉GdM˜ −
 
M˜
f
dM˜
vol
∣∣∣ −→ 0 as k →∞,
and by Lemma 5.6,
(5.6)
˜〈|uW,Pik |2〉G = Θl if ik ∈ Jl.
Let now {lm}m∈N be the sequence of those indices l occurring in (5.6) when k varies over all of N.
Then, due to the way how we indexed our sets Jl, we have for each N ∈ N∑
lm≤N
dχlm ≥
∑
lm≤N
#{k : ik ∈ Jlm} = #
{
k : ik ≤
∑
i≤N
dχi
}
Passing to the limit N →∞ we obtain
1 ≥ lim sup
N→∞
∑
lm≤N dχlm∑
i≤N dχi
≥ lim inf
N→∞
∑
lm≤N dχlm∑
i≤N dχi
≥ lim
N→∞
#
{
k : ik ≤
∑
i≤N dχi
}
∑
i≤N dχi
= 1,
where the final equality holds because
{
uW,Pik
}
k∈N has density 1 in
{
uW,Pi
}
i∈N. This concludes the
proof of the theorem. 
Note that Theorem 5.7 is a statement about limits of representations, or multiplicities, in the sense
that it assigns to each irreducible G-module in the character family a measure on M˜ , and then con-
siders the limit measure.
To conclude this section, let us notice that in the special case that Wh = {χ} for all h ∈ (0, 1]
and some fixed χ ∈ Ĝ, the partitioning of the eigenfunction sequence {Ej} is not necessary, and the
statements proved in this section become much simpler. Thus, as a direct consequence of Theorem 5.2
we obtain
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Theorem 5.8 (Equivariant quantum limits for the Laplacian and single isotypic com-
ponents). Assume that the reduced geodesic flow is ergodic, and choose χ ∈ Ĝ. Let {uχj }j∈N be an
orthonormal basis of L2χ(M) consisting of eigenfunctions of −∆. Then, there is a subsequence {uχjk}k∈N
of density 1 in {uχj }j∈N such that for all a ∈ C∞(S∗M) one has
(5.7)
〈
Op(a)uχjk , u
χ
jk
〉
L2(M)
−→ 1
vol µ
volO
(S∗M ∩ Ωreg)
ˆ
S∗M∩Ωreg
a
dµ
volO
as k →∞.
Next, recall that a sequence of measures µj on a metric space X is said to converge weakly to a
measure µ, if for all bounded and continuous functions f on X one hasˆ
X
f dµj −→
ˆ
X
f dµ as j →∞.
Projecting from S∗M ∩ Ωreg onto M we immediately deduce from Corollary 5.4
Corollary 5.9 (Equidistribution of eigenfunctions of the Laplacian for single isotypic com-
ponents). In the situation of Theorem 5.8 we have the weak convergence of measures
|uχjk |2 dM −→
(
vol dM
volO
M
)−1 dM
volO
as k →∞.
On the other hand, Theorem 5.7 directly implies
Theorem 5.10 (Representation-theoretic equidistribution theorem for single isotypic com-
ponents). Assume that the reduced geodesic flow is ergodic, and let χ ∈ Ĝ. By the spectral theorem,
choose an orthogonal decomposition L2χ(M) =
⊕
i∈N V
χ
i into irreducible unitary G-modules of class χ
such that each V χi is contained in some eigenspace of the Laplace-Beltrami operator. As in Lemma
5.6, assign to each V χi the G-invariant function Θi := ΘV χi : M → [0,∞), and regard it as a function
on M/G = M˜ . Then, there is a subsequence {V χik}k∈N of density 1 in {V χi }i∈N such that we have the
weak convergence
Θχik dM˜
k→∞−→
(
vol dM˜
vol
M˜
)−1 dM˜
vol
.
6. Applications
In what follows, we apply our results to some concrete situations where a compact connected
Riemannian manifold carries an effective isometric action of a compact connected Lie group such that
the principal orbits are of lower dimension than the manifold, and the reduced geodesic flow is ergodic.
6.1. Compact locally symmetric spaces. Let G be a connected semisimple Lie group with finite
center and Lie algebra g, and Γ a discrete co-compact subgroup. Consider a Cartan decomposition
g = k⊕ p
of g, and denote the maximal compact subgroup of G with Lie algebra k by K. Choose a left-invariant
metric on G given by an Ad (K)-invariant bilinear form on g. The quotient M = X := Γ\G is a
compact manifold without boundary, and by requiring that the projection G → X is a Riemannian
submersion, we obtain a Riemannian structure on X. K acts on G and on X from the right in an
isometric and effective way, and the isotropy group of a point Γg ∈ X is conjugate to the finite group
gKg−1 ∩ Γ. Hence, all K-orbits in X are either principal or exceptional. Since the maximal compact
subgroups of G are precisely the conjugates of K, exceptional K-orbits arise from elements in Γ of finite
order. Now, let JG : T ∗X → g∗ be the momentum map of the right G-action on X and res : g∗ → k∗
the natural restriction map. Then JK = res ◦ JG is the momentum map of the right K-action on X.
As usual, let Ω := J−1K ({0}).
Let us consider first the case when Γ has no torsion, meaning that no non-trivial element γ ∈ Γ is
conjugate in G to an element of K. In this case, there are no exceptional orbits, the action of Γ on
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G
X = Γ\G G/K
Y = Γ\G/K
Ω
Ω˜ = Ω/K ' T ∗Y ' Y× p∗
X× g∗ ' T ∗X
ι
Figure 6.1. Co-tangent bundle reduction for a locally symmetric space
G/K is free, and Y := Γ\G/K becomes a compact boundary-less manifold of dimension n− d, where
n = dimX and d = dimK. Furthermore, by co-tangent bundle reduction,
(6.1) T ∗Y ' Ω/K =: Ω˜,
as symplectic manifolds, compare (2.5) and Figure 6.1. In what follows, we give a more intrinsic
description of this symplectomorphism. The left trivialization T ∗G ' G×g∗ described in (2.3) induces
the trivialization
T ∗X '−→ X× g∗, ξΓg 7−→ (Γg, (Lg)∗e · ηg), pr∗(ξΓg) = ηg, ηg ∈ T ∗gG,
pr : G→ Γ\G being a submersion. The right G-action on T ∗X then takes the form
T ∗Γgh(X) 3 ξΓg · h = (Rh−1)∗Γgh ξΓg 7−→ (Γgh, (Lgh)∗e ◦ (Rh−1)∗gh ηg),
so that with µ = (Lg)
∗
e · ηg we have
(6.2) (Γg, µ) · h = (Γgh,Ad ∗(h)µ), h ∈ G.
Now, for X ∈ g one computes
JG(Γg, µ)(X) = JG(ξΓg)(X) = (Lg−1)∗g µ(X˜Rg ) = µ((Lg−1)∗,gX˜Rg ) = µ
( d
dt
(g−1g etX )|t=0
)
= µ(X),
where X˜Rg denotes the vector field generated by the right action of X, compare Example 2.2, so that
the momentum map reads
JG(Γg, µ) = µ, (Γg, µ) ∈ T ∗X.
If η = (Γg, µ) ∈ J−1K ({0}) ⊂ T ∗X, the last equality implies µ = JG(Γg, µ) ∈ p∗. Furthermore, in view
of the Cartan decomposition G = PK, where P is the parabolic subgroup with Lie algebra p, one has
the diffeomorphism G/K ' P . Consequently, we can choose as representant of the class [η] ∈ Ω˜ an
element η = (Γg, µ) with g ∈ P and µ ∈ p∗, yielding the identification
(6.3) Ω˜ ' (Γ\P )× p∗ ' Y× p∗.
On the other hand, the left trivialization T ∗P ' P × p∗ and the previous arguments imply the
trivialization
(6.4) T ∗Y ' Y× p∗.
Comparing (6.3) and (6.4) then yields the desired intrinsic realization of the symplectomorphism (6.1).
Let us now assume that G has real rank 1. In this case, the orbit space Y has strictly negative
sectional curvature inherited from G/K. Consequently, its geodesic flow ψt is ergodic. Since the
measures on the spaces T ∗Y ' Ω˜ are given by the corresponding symplectic forms, this implies that
the reduced geodesic flow ϕ˜t on Ω˜, which corresponds to ψt under the symplectomorphism (6.1), is
ergodic, and the results from Section 5 apply.
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Next, let us consider a discrete co-compact subgroup Γ1 with torsion. In this case K acts on
X1 := Γ1\G with non-conjugated finite isotropy groups, so that Y1 := Γ1\G/K is no longer a manifold,
but an orbifold. Now, by a theorem of Selberg [34], any finitely generated linear group contains a torsion
free subgroup of finite index. More generally, Borel [4] showed that every finitely generated group of
isometries of a simply connected Riemannian symmetric manifold has a normal torsion-free subgroup
of finite index. Let therefore Γ ⊂ Γ1 be a normal torsion-free co-compact subgroup of finite index [7].
In this case, Y = Γ\G/K is a smooth manifold and a finite covering of Y1, and
X1 ' F\X, Y1 ' F\Y,
where F denotes the finite group F := Γ1/Γ. Next, let J1G : T ∗X1 → g∗ be the momentum map of
the right G-action on X1, J1K := res ◦ J1G, and Ω1 := (J1K)−1({0}). As in the torsion-free case we have
the left trivialization T ∗X1 ' X1 × g∗ as smooth manifolds, and in analogy to (6.1) one shows that as
symplectic orbifolds
(6.5) T ∗Y1 ' Ω˜1,
which represents the quotient presentation of the co-tangent bundle of Y1. Furthermore, with (6.4) we
obtain
T ∗Y1 ' Ω˜1 ' F\Ω˜ ' F\(T ∗Y) ' Y1 × p∗.
Consequently, we have a diagram analogous to Figure 6.1 with Γ being replaced by Γ1. Besides, if X′1
denotes the stratum of orbits of principal type of X1, notice that singular co-tangent bundle reduction
(2.5) implies
T ∗Y1 ⊃ T ∗(X′1/K) '
(
(J1K)−1({0}) ∩ T ∗X′1
)
/K ⊂ (Ω˜1)reg,
the measures on these spaces being given by the corresponding symplectic forms, and the complements
of the inclusions having measure zero. Consider now the commutative diagram in Figure 6.2, where
T ∗X ⊃ Ω Ω˜ ' T ∗Y
T ∗X1 ⊃ Ω1 Ω˜1 ' T ∗Y1
piK
piK
piF piF
Figure 6.2.
piK and piF denote the projections of the K- and F -actions, respectively. To relate the dynamics on
the symplectic quotients Ω˜ and Ω˜1, let p˜1 ∈ C∞(Ω˜1) be a smooth function. By definition, there exists
a function p1 ∈ C∞(T ∗X1)K such that p1|Ω1 = pi∗K p˜1. The Hamiltonian flow ϕ1t of p1 then induces a
Hamiltonian flow ϕ˜1t on Ω˜1, compare Section 2.1. On the other hand, p˜1 yields a function p˜ ∈ C∞(Ω˜)F
with Hamiltonian flow ϕ˜t induced by the corresponding flow ϕt on T
∗X. Since ϕt induces the flow
ϕ1t , it is clear that ϕ˜t induces a flow on Ω˜1 given precisely by ϕ˜
1
t . Indeed, for f˜1 ∈ C∞(Ω˜1) and
η˜1 = piK(η1) = piF ◦ piK(η) = piF (η˜) ∈ Ω˜1 one computes for f˜1(ϕ˜1t (η˜1))
pi∗K f˜1(ϕ
1
t (η1)) = (pi
∗
F ◦ pi∗K f˜1)(ϕt(η)) = (pi∗K ◦ pi∗F f˜1)(ϕt(η)) = pi∗F f˜1(ϕ˜t(η˜)).
Furthermore, in view of (6.5), ϕ˜1t yields a flow ψ
1
t on Y1.
Let now ψt be the geodesic flow on Y, and assume that the rank of G is 1, so that ψt is ergodic.
Then the induced flow ψ1t on Y1 is ergodic, too, with respect to the orbifold symplectic measure on
T ∗Y1. More precisely, by our previous considerations the ergodicity of the flow ϕ˜t on Ω˜ implies that
(ϕ˜1t )|(Ω˜1)reg ,
which is precisely the reduced geodesic flow on the symplectic stratum (Ω˜1)reg given by (2.1), must be
ergodic with respect to the symplectic measure d((Ω˜1)reg). Summing up, our results from Section 5
apply. For simplicity, let us state here only the results for single isotypic components. Then, Theorem
5.8 and Corollary 5.9 yield
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Proposition 6.1. Let G be a connected semisimple Lie group of rank 1 with finite center, K a
maximal compact subgroup, and Γ a discrete co-compact subgroup, possibly with torsion. Let ∆ be the
Laplace–Beltrami operator on X = Γ\G, χ ∈ K̂, and let {uχj }j∈N be an orthonormal basis of L2χ(X) of
eigenfunctions of −∆. Then there is a subsequence {uχjk}k∈N of density 1 in {uχj }j∈N such that for all
s ∈ C∞(S∗X) one has
(6.6)
〈
Op(s)uχjk , u
χ
jk
〉
L2(X)
k→∞−→
 
S∗X∩Ωreg
s
dµ
volO
,
as well as
(6.7) |uχjk |2 dX
k→∞−→ (vol dX
volO
X
)−1 dX
volO
, ˜
〈|uχjk |2〉G dY k→∞−→ (vol dYvol Y)−1 dYvol ,
where Y = Γ\G/K is in general an orbifold, and dY is the pushforward of the measure dX along the
orbit projection X→ Y, see [24, Section 2.4].
Notice that the limit integral in (6.6) represents an integral over the orbifold co-sphere bundle S∗Y.
Since the orbit volume function is constant in this case, eigenfunctions of the Laplacian ∆Y on Y
correspond to K-invariant eigenfunctions of ∆ on X, compare Section 1.4. Furthermore, up to the
constant given by the orbit volume, the pushforward measure dY agrees in the orbifold case with the
orbifold volume form. Consequently, in the special case that χ corresponds to the trivial representation,
Proposition 6.1 yields the following result already implied by the work of Kordyukov [21].
Corollary 6.2 (Shnirelman-Zelditch-Colin-de-Verdie`re equidistribution theorem for Y).
With the assumptions of Proposition 6.1, let {vj}j∈N be an orthonormal basis of L2(Y) of eigenfunctions
of −∆Y. Then there is a subsequence {vjk}k∈N of density 1 in {vj}j∈N such that we have the weak
convergence of measures
|vjk |2 dY k→∞−→ (vol dYY)−1 dY.
Notice that in view of the left trivialization T ∗X ' X× g∗ and (6.2), K acts on Ω ⊂ X× p∗ by right
multiplication according to
Ω 3 (Γg, µ) · k = (Γgk,Ad ∗(k)µ) ∈ Ω, k ∈ K,
p being Ad (K)-invariant. In particular, regarding the decomposition of T ∗X into isotropy types
with respect to the right K-action, whenever Γ contains non-trivial elliptic elements, the closure of
S∗X ∩ Ωreg in Ω will contain exceptional isotropy types, which means that in the proofs of Theorems
4.1 and 5.2 one cannot assume that one can stay away from the singular points of Ω, compare also
Examples 4.8 of Part I.
6.2. Invariant metrics on spheres in dimensions 2 and 4. In contrast to genuinely chaotic cases,
it can happen that the reduced geodesic flow is ergodic simply for topological reasons. Namely, when the
singular symplectic reduction of the co-sphere-bundle is just 1-dimensional, a single closed orbit of the
reduced flow can have full measure. Although non-generic, this situation is topologically invariant, so
that if it occurs for some particular G-space, it occurs for any choice of G-invariant Riemannian metric
on that space, leading to a whole class of examples which might well be complicated geometrically.
In what follows, we will show that the spheres in dimensions 2 and 4, with appropriate group actions
and invariant Riemannian metrics, are examples of the form just described. The reason why we consider
only the dimensions 2 and 4 is that, in general, the n-sphere is topologically the suspension of the
(n − 1)-sphere, but only for n ∈ {2, 4}, the (n − 1)-sphere has the structure of a compact connected
Lie group. Thus, let G be a compact connected Lie group. The suspension of G is the quotient space
SG :=
(
[−1, 1]×G)/((−1, g1) ∼ (−1, g2), (1, h1) ∼ (1, h2)).
SG is a compact connected Hausdorff space that carries an effective G-action induced by the G-action
on G by left-multiplication and the trivial action on [−1, 1]. We will call this induced action the
suspension of the G-action. It has exactly two fixed points N := [{1}×G] and S := [{−1}×G] which
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we may call north pole and south pole. Now, in general, SG does not possess a differentiable structure.
However, if G is an n-sphere, then SG is homeomorphic to the (n+1)-sphere, and consequently carries
a canonical smooth structure making it diffeomorphic to the standard (n+1)-sphere. As is well-known,
the only connected Lie groups that are spheres are SO(2) ∼= S1 and SU(2) ∼= S3.
Note that S2, with the S1-action given by the suspension of left-multiplication on S1 and equipped
with an S1-invariant Riemannian metric, is just a surface of revolution diffeomorphic to the 2-sphere.
Similarly, for G = S3, we equip the suspension S4 ∼= SS3 with the S3-action given by the suspension
of left-multiplication on S3 and an S3-invariant Riemannian metric, obtaining a class of 4-dimensional
examples. We now have the following
Proposition 6.3. For n ∈ {2, 4}, equip the n-sphere Sn ∼= SSn−1 with the Sn−1-action given by
the suspension of left-multiplication on Sn−1. Then the reduced geodesic flow with respect to any
Sn−1-invariant Riemannian metric on Sn is ergodic.
Proof. First, we prove the result for S2. It will then become clear that the situation is entirely analogous
for S4. Thus, let G = S1 ∼= SO(2). Then, for any choice of SO(2)-invariant metric on M := SS1,
we can identify M with a surface of revolution in R3 diffeomorphic to the 2-sphere and endowed with
the induced metric from R3. We assume that the poles are given by the points N = (0, 0, 1) and
S = (0, 0,−1). The corresponding meridians are orthogonal to the SO(2)-orbits, and since the metric
is SO(2)-invariant, each meridian is a closed geodesic. Now, for (x, ξ) ∈ T ∗M , set p(x, ξ) := ‖ξ‖2x. Let
c > 0 and put Σc := p
−1({c}) and Σ˜c := p˜−1({c}), where p˜ ∈ C∞(Ω˜reg) is the function induced by
p|Ωreg . Clearly, c is a regular value of p. To examine whether the reduced geodesic flow is ergodic on
Σ˜c, note that with the identification T
∗M ' TM given by the Riemannian metric one has
(6.8) Ω = J−1({0}) '
⊔
x∈M
Tx(G · x)⊥,
so that
Ωreg '
( ⋃
x∈Mreg
{x} × Tx(G · x)⊥
)
∪
(
{N} × (TNM\{0})
)
∪
(
{S} × (TSM\{0})
)
,
Ω˜reg '
(
(−1, 1)× R) ∪ ( {1} × (0,∞)) ∪ ( {−1} × (0,∞)) ' R2\{(0, 1), (0,−1)},
where Mreg = M\ {N,S}, Mreg/G ' (−1, 1). The diffeomorphism Ω˜reg ' R2\{(0, 1), (0,−1)} is
illustrated in Figures 6.3 and 6.4 for S2 with the round metric, which is the generic case since M
is SO(2)-equivariantly diffeomorphic to it. Under the diffeomorphism Ω˜reg ' R2\{(0, 1), (0,−1)},
the hypersurface Σ˜c corresponds to an ellipse with radii determined by c, as illustrated in Figure
6.4. Let now G · (x, ξ) ∈ Σ˜c. Since ξ ∈ Tx(G · x)⊥, the geodesic flow ϕt transports (x, ξ) around
curves in T ∗M that project onto meridians through N and S, so that the reduced geodesic flow
ϕ˜t(G · (x, ξ)) ≡ G · ϕt(x, ξ) through G · (x, ξ) corresponds to a periodic flow around the ellipse Σ˜c.
Consequently, the only subsets of Σ˜c which are invariant under ϕ˜t are the whole ellipse and the empty
set, implying that the reduced flow ϕ˜t on Σ˜c is ergodic for arbitrary c > 0. Besides, note that the
points on the segment between (0, 1) and (0,−1) are stationary under ϕ˜t.
Next, let us check what happens for a general compact connected Lie group G. Due to the definition
of SG and its G-action, it is clear that SG/G is homeomorphic to [−1, 1] and, due to (6.8), that Ω˜reg
is diffeomorphic to R2\{(0, 1), (0,−1)} whenever SG is a smooth manifold, so that we always obtain
not only an analogous but essentially the same picture as depicted in Figure 6.4. Hence, for G = S3,
the reduced geodesic flow is given by a periodic flow around an ellipse, and therefore ergodic. 
We shall now apply some of our results from Section 5 to a surface of revolution diffeomorphic to
the 2-sphere. Thus, let M ⊂ R3 be given by rotating a suitable smooth curve γ : [0, L] → R2x≥0 in
the xz-half plane around the z-axis in R3. In particular, γ′(t) has to be perpendicular to the z-axis at
γ(0) and γ(L). We assume that γ(0) = (0,−1) and γ(L) = (0, 1) and that γ is parametrized by arc
length, so that γ : [0, L] 3 θ 7→ (R(θ), z(θ)), where R : [0, L] → [0,∞), R(0) = R(L) = 0, R(θ) > 0
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Figure 6.3. The space T ∗NS
2\{0} (red) and
three co-tangent spaces (blue) with arrows
that represent elements of Ωreg. The three
circles in each plane (brown, teal, green) cor-
respond to the intersection of the plane with
Σc for three different values of c.
Figure 6.4. Under the projection Ωreg →
Ω˜reg, T
∗
NS
2\{0} and T ∗SS2\{0} collapse to
open half-lines (red) and for every x ∈
S2\{N,S}, T ∗xS2 ∩ Ωreg collapses to a line
(blue). The ellipses (brown, teal, green) de-
pict Σ˜c for three different values of c.
for θ ∈ (0, L) corresponds to the distance to the z-axis, and z : [0, L] → R is smooth. This leads to a
parametrization of M according to
M =
{
(R(θ) cosφ,R(θ) sinφ, z(θ)), θ ∈ [0, L], φ ∈ [0, 2pi)}.
Now, let M be endowed with the induced metric on R3. The Laplace-Beltrami operator ∆ on M com-
mutes with ∂φ, so that separation of variables leads to a Hilbert basis of L
2(M) of joint eigenfunctions
of both operators of the form
(6.9) el,m(φ, θ) = fl,m(θ)e
imφ, (l,m) ∈ I ⊂ Z× Z.
The irreducible representations of SO(2) ' S1 = {eiϕ, ϕ ∈ [0, 2pi)} ⊂ C are all 1-dimensional, and
given by the characters χk(e
iφ) = e−ikφ, k ∈ Z. Thus, each subspace C · el,m corresponds to an
irreducible representation of SO(2), and {el,m}l: (l,m)∈I is a Hilbert basis of L2χm(M). Furthermore,
|el,m|2 is manifestly SO(2) invariant. Theorem 5.10 then yields for each m ∈ Z ' ŜO(2) a subsequence
{elk,m}k∈N of density 1 in {el,m}l: (l,m)∈I such that for all a ∈ C(M˜)ˆ
M˜
a|elk,m|2 dM˜ k→∞−→
(ˆ
M˜
dM˜
vol
)−1 ˆ
M˜
a
dM˜
vol
,(6.10)
where as before M˜ = M/SO(2). Let us write (6.10) more explicitly. An SO(2)-orbit of a point x ∈M
with coordinates (φ, θ) is of the form {(φ′, θ) : 0 < φ′ < 2pi}, up to a set of measure zero with respect to
the induced orbit measure dµSO(2)·x ≡ R(θ) dφ, and we obtain vol(SO(2) ·x) =
´ 2pi
0
R(θ) dφ = 2piR(θ).
Furthermore, M˜ is homeomorphic to the closed interval [0, L] ⊂ R, and the pushforward measure on
M˜ is given by dM˜(θ) ≡ 2piR(θ) dθ, where we identified SO(2) · x and θ. Summing up, (6.10) yields
(6.11) 2pi
ˆ L
0
a(θ)|flk,m|2(θ)R(θ) dθ k→∞−→
1
L
ˆ L
0
a(θ) dθ, a ∈ C([0, L]),
32 BENJAMIN KU¨STER AND PABLO RAMACHER
which is a result about weak convergence of measures on M˜ ∼= [0, L]. Formulated on M , Corollary 5.9
yields that for each m there is a subsequence {flk,m}k∈N of density 1 in {fl,m}l: (l,m)∈I such that one
has the weak convergence of measures
(6.12) |flk,m|2 dM k→∞−→
1
2piL
dM
R
.
Here, dMR is to be understood as the extension by zero of the smooth measure dM(φ, θ)/R(φ, θ) from{(φ, θ), θ ∈ (0, L)} to {(φ, θ), θ ∈ [0, L]}, and we used that vol dM
R
M = 2piL. In particular, the
obtained quantum limit on M is, up to a constant, related to the Riemannian volume density on M by
the reciprocal of the distance function R, which tends to infinity towards the poles. This is illustrated
in Figure 6.5, where the function 1/R is plotted on a surface of revolution.
Figure 6.5. A quantum limit on a surface of revolution.
So far, for simplicity of presentation, we have restricted ourselves to the special case of considering
a single fixed isotypic component, which means keeping the index m fixed. Even in this case, we do
not know whether the results (6.11) and (6.12) are known for general surfaces of revolution. Having
actually the more general Theorem 5.7 at hand, the results (6.11) and (6.12) directly generalize to
the situation of a semiclassical character family of growth rate ϑ < 15 since the dimensions of the
irreducible representations are all 1 in this case, and all principal isotropy groups are trivial, so that
[piχ|H : 1] = dχ = 1.
Physically, one can interprete these results as follows. For each family of symmetry types that
does not grow too fast in the high-energy limit, there is a sequence of quantum states such that the
corresponding sequence of probability densities on M converges weakly and with density 1 in the
high-energy limit to the probability density of finding within a certain surface element of M a classical
particle with known energy and zero angular momentum with respect to the z-axis, but unknown
momentum.
In the simplest case of the standard 2-sphere M = S2 with the round metric, the eigenfunctions
are explicitly known, and we show in the following that at least our simplest result (6.11) for fixed
isotypic components is implied by the classical theory of spherical harmonics. In fact, we will see that
one does not need to pass to a subsequence of density 1. Recall from Section 1.5 that the eigenvalues
of −∆ on S2 are given by the numbers l(l+ 1), l = 0, 1, 2, 3 . . . , and the corresponding eigenspaces El
are of dimension 2l + 1. They are spanned by the spherical harmonics
(6.13) Yl,m(φ, θ) =
√
2l + 1
4pi
(l −m)!
(l +m)!
Pl,m(cos θ)e
imφ, 0 ≤ φ < 2pi, 0 ≤ θ < pi,
where m ∈ Z, |m| ≤ l, and Pl,m are the associated Legendre polynomials
(6.14) Pl,m(x) =
(−1)m
2ll!
(
1− x2)m2 dl+m
dxl+m
(
x2 − 1)l ,
SEMICLASSICAL ANALYSIS AND SYMMETRY REDUCTION II 33
compare (6.9). Each subspace C ·Yl,m corresponds to an irreducible representation of SO(2), and each
irreducible representation χk with |k| ≤ l occurs in the eigenspace El with multiplicity 1. The situation
is illustrated in Figure 1.1 of Part I. For each m, the result (6.11) now turns into the following result
about Legendre polynomials:
(6.15)
2lk + 1
2
(lk −m)!
(lk +m)!
ˆ pi
0
a(θ) sin(θ)|Plk,m(cos θ)|2 dθ k→∞−→
1
pi
ˆ pi
0
a(θ) dθ ∀ a ∈ C([0, pi]).
We now show the following
Proposition 6.4. For fixed m, (6.15) holds for the full sequence of Legendre polynomials, that is, if
lk is replaced by l and “k →∞” is replaced by “l→∞”.
Proof. Let us begin by recalling the following classical result about the asymptotic behavior of Legendre
polynomials [16, page 303]. For fixed m ∈ Z and each small ε > 0 one has
(6.16)
1
lm
Pl,m(cos θ) =
(
2
lpi sin θ
)1/2
cos
((
l +
1
2
)
θ − pi
4
+
mpi
2
)
+ O
(
l−3/2
)
as l→∞ uniformly in θ ∈ (ε, pi − ε). From (6.13) and (6.16) we therefore obtain
|˜Yl,m|(θ)2 =
∣∣∣∣∣
√
2l + 1
4pi
(l −m)!
(l +m)!
Pl,m(cos θ)
∣∣∣∣∣
2
=
2l + 1
4pi
(l −m)!
(l +m)!
l2m
∣∣∣∣ 1lmPl,m(cos θ)
∣∣∣∣2
=
2l + 1
4pi
(l −m)!
(l +m)!
l2m
∣∣∣∣∣
(
2
lpi sin θ
)1/2
cos
((
l +
1
2
)
θ − pi
4
+
mpi
2
)
+ O
(
l−3/2
)∣∣∣∣∣
2
=
2l + 1
4pi
(l −m)!
(l +m)!
l2m
(
2
lpi sin θ
cos2
((
l +
1
2
)
θ − pi
4
+
mpi
2
)
+ O
(
l−2
))
.
The asymptotic relation
(6.17) (l −m)!/(l +m)! ∼ l−2m as l→∞
implies that (l−m)!(l+m)! l
2m is bounded in l, so we can use the simple relation 2l+1l = 2 + O(l
−1) to obtain
(6.18) |˜Yl,m|(θ)2 = (l −m)!
(l +m)!
l2m
1
pi2 sin θ
cos2
((
l +
1
2
)
θ − pi
4
+
mpi
2
)
+ O
(
l−1
)
,
uniformly for θ ∈ (ε, pi − ε) and each small ε > 0. Now let f ∈ C([0, pi],R) and choose ε > 0. Due to
the uniform estimate (6.18) and boundedness of the integration domain we get
2pi
ˆ pi−ε
ε
f(θ)|˜Yl,m|(θ)2 sin θ dθ
= 2pi
ˆ pi−ε
ε
f(θ)
(l −m)!
(l +m)!
l2m
1
pi2 sin(θ)
cos2
((
l +
1
2
)
θ − pi
4
+
mpi
2
)
sin(θ) dθ + O
(
l−1
)
=
2
pi
(l −m)!
(l +m)!
l2m
ˆ pi−ε
ε
f(θ) cos2
((
l +
1
2
)
θ − pi
4
+
mpi
2
)
dθ + O
(
l−1
)
.
(6.19)
The oscillatory integral in (6.19) has the limit
(6.20)
lim
l→∞
ˆ pi−ε
ε
f(θ) cos2
((
l +
1
2
)
θ − pi
4
+
mpi
2
)
dθ = lim
l→∞
ˆ pi−ε
ε
f(θ) cos2(lθ) dθ =
1
2
ˆ pi−ε
ε
f(θ) dθ,
where the final equality is true because liml→∞
´ pi−ε
ε
f(θ) cos2(lθ) dθ = liml→∞
´ pi−ε
ε
f(θ) sin2(lθ) dθ
and sin2 + cos2 = 1. Using (6.20) and (6.17) we conclude from (6.19) for each small ε > 0 that
(6.21) lim
l→∞
2pi
ˆ pi−ε
ε
f(θ)|˜Yl,m|(θ)2 sin(θ) dθ = 1
pi
ˆ pi−ε
ε
f(θ) dθ.
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Noting that lim supx→∞ cos
2(x) ≤ 1 and lim infx→∞ cos2(x) ≤ 1 exist, the ε = 0 version of (6.21) now
follows from (6.18) and (6.21) using Fatou’s Lemma. For the details of this, see [22]. 
Remark 6.5. We do not know whether for the standard 2-sphere Theorem 5.7 is directly implied by the
classical theory of Legendre polynomials. Moreover, it is crucial that m grows slower than l as l→∞.
Indeed, if one considers the diagonal sequence Yl,l of zonal spherical harmonics, it is not difficult to
see that, contrasting with our results, they concentrate along the equator in S2 as l→∞ in the sense
that for a given ε > 0 there is a constant c(ε) > 0 such thatˆ
S2−Bε
|Yl,l|2 dS2 = O(e−c(ε)l),
where Bε denotes the tubular neighborhood of the equator of width ε, compare [10] and Figure 1.2,
yielding qualitatively quite different limit measures.
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